TSALLIS METRICS ON DENSITY MATRICES VIA THE S-DIVERGENCE

SUVRIT SRA"

ABSTRACT. We study symmetrized divergences induced by centroids of a-Tsallis relative entropies
between density matrices o and p; up to scaling, the induced divergence equals |2 — [|p® + 0% ||1 /4.
Earlier work (S. Sra. “Metrics induced by Jensen—Shannon and related divergences on positive
definite matrices.” Linear Algebra Appl., 2021) studied such divergences and metrics induced by
them. That paper allowed centroids to range over the positive definite cone, while we require that
the centroid itself be a density matrix. This (more natural) choice makes the metricity in this
paper considerably stronger than that of the aforementioned paper. Specifically, we prove that
12— [|p™ 4+ 0%l1/al"/? is a metric on density matrices for 1/2 < a < 2, a # 1. For a < 1, the proof
uses a new four-point theorem for the S-divergence that might be of independent interest. For o« > 1,
we first prove the endpoint o = 2, and then transfer it to the other orders by a tensoring trick.

1. INTRODUCTION

We continue the study of metric properties of symmetrized divergences on quantum states started
in (Sra, 2021b). Square roots of symmetrized divergences sometimes turn out to be metrics, for
instance Jensen—Shannon divergences for commuting states (Endres and Schindelin, 2003; Fuglede
and Topsge, 2004). For noncommuting states Lamberti et al. (2008) conjectured the metric property,
which was proved by both Sra (2021b) and Virosztek (2021) independently.

We study herein a symmetrized version of Tsallis relative entropy obtained by computing centroids,
and ask whether the resulting divergence is a metric. We denote via P? (Pi) the set of d x d positive
semidefinite (definite) Hermitian matrices; and let Dy := {p € P? : tr p = 1} be the density matrices,
or states. For p, 7 € Dy, the Tsallis relative entropy (Tsallis, 1988; Petz, 1986) is

1 _ t o l—a
(1.1) Tulp,7) == #, a>0, a#l.
-«
The symmetrized divergence obtained by computing the Tsallis centroid of p and o is then:
(1.2) do(p,0) =1 —a| min {Tu(p,7) + Tulo,7)} = [2=[p* +0%(1/al;
TEDy

where || X||, = (tr|X|?)'/? is the Schatten-p norm. The equality in (1.2) is the quantum Sibson
identity (Konig and Wehner, 2009; Sharma and Warsi, 2013; Dalai, 2013); Proposition 3.1 verifies it
for 0 < a < 1 by Hoélder’s inequality; the reverse Holder inequality gives the case o > 1 (Section 4).

It is evident that d, is symmetric and nonnegative. The challenge is to show that it satisfies the
triangle inequality. When the center 7 in (1.2) is allowed to range over all P4, the minimum value
is 2a(1 — h), where h = tr((p® + 0®)/2)"/“, and its square root is a metric for 1/2 < o < 1 (Sra,
2021b, Theorem 4.1). But in (1.2), we require the center to lie in Dy, which changes the minimum
to d2 = 2(1 — h®). It turns out to be much more difficult to establish that d, is a metric in this
case. The proof of this metricity is our first main result.
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Theorem 1.1. For every d and 1/2 < a <2, a # 1, d, is a metric on Dy. 4
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2 SUVRIT SRA

Theorem 1.1 also implies the previous results of Sra (2021b); indeed, as a 1 1, d2/(2(1 — )) —
QJSD, which gives the Jensen—Shannon metric (Corollary A.3), and the proof gives the cone metric
of Sra (2021b, Theorem 4.1). At o = 1/2, the distance is also of negative type (Proposition 3.5).

For a < 1, with p = 1/, Theorem 1.1 follows from positivity of the trace-power kernel
tr(A + B)P — tr A? — tr BP on every three positive semidefinite matrices (Theorem 3.2). For
1 < p < 2, we write this kernel as a superposition of the kernels —logdet(I — XY') on strict
contractions X and Y in P4, which turns our task into proving that [—logdet(I — X;X;)]3,_; is
positive semidefinite. This task is nontrivial, and its proof uncovers a hitherto unknown property of
the S-divergence (Sra, 2016), denoted 5% below, which leads to our second main result.
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Theorem 1.2. Let Uy, U, Us be Hermitian d x d matrices with ||Uillop < 1. Then,

' (1.3) K = [~logdet(I — U;U;)];,_, = 0.

Equivalently, if Py, Py, Py, P3 € Pi and £ € R* satisfies & + &1 + & + €3 = 0, then

3
(1.4) > &ae6%(Pa, Pe) < 0.

a,c=0

The S-divergence 6% used in (1.4) is defined for any two matrices P,Q € P4 as
(1.5) 0%(P, Q) := logdet ¢ — Llogdet P — Llogdet Q.

It is a Jensen-Bregman divergence (Cherian et al., 2013) and dg is a metric (Sra, 2016).

Recall that a symmetric function N with N(x,z) = 0 is of negative type if 3=, ; cic;N(zi, zj) <0
for every finite family of points and real coefficients with > ,c; = 0. On three points, negative
type of 5% is equivalent to the triangle inequality for dg, which is key to the results of Sra (2021b).
However, the log-determinant inequality (1.3) needs four points. Indeed, using the Cayley transform
P, = (I+U;)(I —U;)"" we map Hermitian strict contractions U; onto P4, and

(1.6) —logdet(I — U;Uy) = 63(Pi, I) + 63(P;, 1) — 63(Pi, P).

Hence positivity of [—logdet(] — Uz-Uj)]ij:l is the same as negative type of % on the four matrices
I, Py, P, P3. By Theorem 1.2 and Schoenberg’s criterion (Schoenberg, 1935), every four-point subset
of (P4, ds) embeds isometrically in R3. The number four is sharp when d > 2: Sra (2016) gave a

numerical five-point obstruction in dimension two; Proposition 2.5 gives an analytic one.

Remark 1.3. Theorem 1.2 also implies the positivity of the Hua—Bellman matrices. For strict
contractions Zy, Za, Z3, Sra (2021a, Corollary 3.2) proves that the Hua—Bellman matriz (Hua,
1955) Hy = [|det(I — Z} Z;)|77]} ,—, is positive semidefinite for every v > 0. For Hermitian Z;,
Theorem 1.2 recovers this entire family (where K is as in (1.3)) by the Schur product theorem:

o ,ym
HWZZHKWLEO (v >0),
m=0
where K°™ denotes entrywise power. The converse direction gives less: differentiating CTHVC at

zero gives ¢ K¢ > 0 only when > ;ci =0, whereas Theorem 1.2 gives K > 0.

Remark 1.4. Theorem 1.2 also applies to entropy-based Jensen divergences, which compare the
entropy of (p + o)/2 with the mean entropy of p and o. The Jensen—Tsallis and Jensen—Rényi
divergences of this form are of negative type on every four states for orders 0 < g <2 and 0 < q <1,
respectively (Theorem B.1). This strengthens the metric results of Sra (2021b).

Below, we first prove Theorem 1.2 as it forms the basis of the proof of Theorem 1.1.
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2. PROOF OF THEOREM 1.2: FOUR-POINT NEGATIVE TYPE OF THE S-DIVERGENCE
For ¢ € R* with >, &, =0and Py,..., P35 € IP’i put

3
Fe(Po, P, Py, P3) i= =) " €a€e08(Pa, Pe),

so that (1.4) says F¢ > 0. Since F¢ vanishes when the four matrices coincide, we show that zero is
its minimum. We prove that a minimizer exists and that the only critical point is the trivial one.

2.1. Existence of minimizer. We start with three elementary properties of dg that we will need.

Lemma 2.1. Let P,Q,R € Pi.
(a) 62(GPG*,GQG*) = §%(P,Q) for every invertible G.
(b) 62(I,P) =S¢, log cosh (5 log Ao(P)), where A\ (P), ..., \q(P) are the eigenvalues of P.
(c) 63(P,R) < 02(P,Q) + 6%(Q, R) + dlog 2.
By continuity, it suffices to treat £ with nonzero coordinates and a unique largest absolute value,
say |€| > |¢;] for j = 1,2,3; by Lemma 2.1(a), we may take Py = I. The domain (P%)3 of F¢(I,-)
is not compact, so a minimizer need not exist. A coercive lower bound rules this out. The bound

depends on § through vg := mingiTg{0’172’3}‘ZaeT &

, which is positive for the fixed &.
Proposition 2.2. If vg > 0, then F¢(I, P1, Py, P3) > 2v maxi<;<3 05(I, P) — dlog2 ), &. Conse-
quently, Fe(I,-) attains its minimum on (P4)3.

Proof. The values §%(P,, P.) need not satisfy the triangle inequality, but by Lemma 2.1(b) and (c)
they do after a shift: on {0,1,2,3}, the function D(a,c) = 64(P,, P.) + dlog?2 for a # ¢, with
D(a,a) =0, is a metric. Since Yateabe = — 2 €2, the shift changes F¢ only by a constant:

—> ., Lk D(a,c) = Fe(I, Py, Py, P3) + dlog2 ) &;.

Metrics on four points are conic combinations of cut metrics (Deza and Laurent, 1997, p. 422), so,
2
D(a7 C) = Z®¢T§{0,1,2,3} U)T(lT(a) - 1T(C)) ? wT Z 07

where 17 is the indicator vector of T'. Each cut contributes at least 21/£2wT, because >, &, = 0 gives

-3 Gt (ir(a) ~10(@)? =2(Y, &) 222,

and Y pwr > max, . D(a,c) > max; (5?9([, P;) as each cut takes values in {0,1}. Together, these
prove the bound. Finally, if F¢(I, Py, P>, P3) <0, the bound caps every 6%(1, P;), so by Lemma 2.1(b)
and log cosht > |t| — log 2, eigenvalues of each P; lie in a compact interval that depends only on &
and d. The triples with this property form a compact set containing (I, I, I), where F¢ vanishes, and
F¢(I,-) > 0 outside it. Hence the minimum of F¢(I,-) over this set is its minimum over (P4)3. O

2.2. Potential minimizers (critical points of F). Since (Pi)?’ is open, the minimizer of
Proposition 2.2 is a critical point. Lemma 2.3 describes these critical points.

Lemma 2.3. For the £ fized above, put \j = —&;/&o, so that \i +Xa+ A3 =1, X\j # 0, and |\;| < 1.
If (Py, P2, Ps) is a critical point of F¢(I,-), then the coordinates U; = (P; — I)(Pj + I)™" satisfy

3 3 _ .
(2.1) ijl U =0, ijl NI -UU) =1 (i=1,2,3).
Proof. Noting 3", &, = 0, and expanding 6% (P,, P.), we see that only joint terms survive, so that

3
Fe=— Za,czo &6 logdet(P, + P.).
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Taking derivatives of F¢ with respect to the P; we obtain the criticality condition

(2.2) S &P+ P)TI=0 (i=123).

The equation also holds for ¢ = 0. Indeed, by Lemma 2.1(a), F¢ is unchanged when we replace P, by

etf/2p,ett/2 The derivative (d/dt)Fg|t—o along this curve is the sum of its four partial derivatives.

At a critical point the last three vanish, so the derivative in Py at I in the direction H also vanishes.
Now divide (2.2) by —&p and rewrite it as the set of equations

3 3
(23) Y NEHP)T=@E+DT ((=123), Y NUI+B)T =31

The second equation in Cayley coordinates is >>; A\j(I — U;) = I, thus 37, \;U; = 0. Expanding
(I =U;))(Pi+ P;)(I = U;) with (I —U;)P; =14 U; and Pj(I — Uj) = I 4+ U; and rearranging gives
(P+Pj)~t = 3(I-U;)(I-U;U;) "1 (I-U;); so, the first equation becomes S NUI=UU) =1 O

2.3. Solving the critical-point equations. On a common eigenvector of the products U;Uj;, the
system (2.1) becomes scalar, so we first show that these products commute.

Lemma 2.4. Let A1, A2, A3 be as in Lemma 2.3, and let Uy, Us, Us be Hermitian strict contractions
satisfying (2.1). Then Uy = Uy = Us = 0.

Proof. The squares commute with all U;. Fix i, let j, k be the other two indices, and write
X = UZ-Q, B; =1 —U;U; and By, = I — U;Uj,. Multiplying the first equation in (2.1) on the left by
U; gives the first identity below, and the second is the equation of (2.1) for this :

(2.4) N(I=X)+XNBj+ By =1,  \N(I—X)"'+X\B; + By =1

Here H = (1 — X\;)I + A\; X is positive definite, since |A;| < 1. With B; = HZ, the first identity gives
AeBr, = H(I — \;Z); substituting into the second and multiplying on the right by H yields

w2

; .

1—2z
The left side commutes with Z. Since \; # 0 and 22/(1 — ) increases strictly on [0, 1), ¢ is injective
there, so X is a polynomial in ¢(X) and commutes with Z, hence with B; = HZ. For C = [U?, U]
this says U;C = [U2,U;U;] = 0, and taking adjoints gives CU; = 0. So C = PCP for the projection
P onto ker U;, and PCP = 0 because U?P = PU? = 0. By symmetry in j and k,

(2.6) [U2,U;]=0  foralli,j.

Shared eigenbasis. By the first equation in (2.1), Us = —(AM U + A\2Us2)/ A3, so every product
U;U; lies in the span of U2, U3, U Uy and UsUy. The first two commute with all U; by (2.6), and
U1Uy commutes with its adjoint UsU7, since both products equal U12U22. So these four matrices are
normal and commute, and have a common orthonormal eigenbasis. Let v be a vector in it. The
eigenvalue of U;U; on v is (U;v)*(Ujv), and since (U;U;)(U;U;) = UEU]-Q, its modulus is ||U;v|| [|U;jv]].
By the equality case of Cauchy—Schwarz, the vectors Uyv, Usv, Usv are parallel: U;v = z;e for a unit
vector e and scalars z; with |z;| = ||U;v|| < 1. Thus U;U; acts on v as 7 z;.

The scalar moments vanish. On v, the second set of equations in (2.1) becomes

PN i=123)

j=11 —Z‘Z’j

(25) NZ 4N =02 = (=M= X)H = p(X),  pa) = (1= )2 =\

Expand the denominators as geometric series, multiply by A; and sum over 7. Since > ; \; = 1 and

|zi] < 1, we obtain
—_— 3 . n
0= ZnZl‘ijl )\sz

Let ¢1,...,(n be the distinct nonzero values among the z;, with weights w, = ijzj:@ Aj. Then
YoweC) =0forn=1,...,m, and this Vandermonde system forces every w, = 0. But no nonempty

‘ 2
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subset of the A\; sums to zero: such a sum is A\; #0, 1 —X; > 0, or 1. Thus m = 0, so all z; = 0 and
Ujv = 0. As v runs over an orthonormal basis, U; = Uz = Uz = 0. O

Proof of (1.4). We can now prove the four-point negative-type condition (1.4). By Proposition 2.2
and Lemmas 2.3 and 2.4, the minimum of F¢([,-) is attained at a critical point, and every critical
point has Uy = Up = Uz = 0, that is, Py = P, = P3 = I. The minimum is therefore F¢(I,I,1,I) = 0.
This proves (1.4) for the ¢ fixed above, and continuity in £ gives it for every zero-sum &; by the
equivalence established via identity (1.6), the truth of (1.3) also follows.

2.4. Number of points. The following configuration gives the sharpness of both forms of Theo-
rem 1.2 for d = 2. The embeddings X +— X &0 and P +— P & [ extend it to every d > 2.

Proposition 2.5. Let uy = (cos kg,sm ™1 for k=0,1,2, and let c = (1,1,1, — )

(a) Let v = /3/2, X3 = :L‘ukuk for k=0,1,2, and X3 = xI. Then 0 < X}, < I, and the matriz
K = [—logdet(I — X;X; )]” _o satisfies ¢! Kc = log(22!/13%) < 0.

(b) With X, as in (a), let Py=1 and Pyr1 = (I + X3)(I — X)™t for k=0,...,3. Then 6% is not
of negative type on Py, ..., Py.

Proof. (a) For i,j < 2, X; X has rank one and det(I X;X;) =1—2*(u u;)% Since (u]u;)? =1
for ¢ # j, this determlnant is Z fori=j and for i#j. Also det(I — XpX3) =1—2%= i and
det(I — X3) = . With L =log4 and ¢ = log 3
L ¢ ¢ L
e L ¢ L T g, . 24
K= ¢ ¢ 1L L cKC—6€—§L—log1—36<O.
L L L 2L

(b) The vector = (—2,1,1,1,—3) (£71 = 0) gives Zae 06abe 0%(Pa, P.) = —cT Kc > 0. O

29+

3. PROOF OF THEOREM 1.1 FOR 1/2 < a < 1

We prove Theorem 1.1 for a« < 1 on the positive unit sphere of a Schatten norm. The passage to
the sphere rests on the equality in (1.2), which we prove first.

3.1. Reduction to a Schatten sphere.

Proposition 3.1. Let 0 < a < 1, let p,o € Dy, and put M = p* + c*. Then

(3.1) (1 =) min {Ta(p, 7) + Ta(0,7)} = 2 = [IM]l1/a
and the minimum is attained only at
M/
3.2 = —————.
(32) T Me

Proof. The scaled objective is 2 —tr(M71~%), and Schatten Hélder with exponents 1/ and 1/(1—«)
gives tr(M717%) < |IM|1/0/l7 " *l1/(1—a) = [ M]]1/a- The state (3.2) attains equality, and strict
convexity of the Schatten 1/(1 — a)-norm makes it the only maximizer. O

For1 < p<oo,letS,={AcP!:tr AP = 1} and, for A, B € S,, let D,(A, B) = (2— || A+B||,)"/%.
For p =1/a, p — p“ is a bijection from D, onto Sp, and Proposition 3.1 gives dq(p, o) = Dp(p“, 0%).
It therefore suffices to prove the triangle inequality for 1 < p < 2; Proposition 3.6 treats p > 2.
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3.2. An integral representation. We transfer the log-determinant form (1.3) of Theorem 1.2 to
the trace-power kernel

(3.3) L,(A,B) :=tr(A+ B’ —tr AP —tr B, A, BecP
and then use its three-point positivity on the sphere.
Theorem 3.2. Let Aj, Ay, A3 € P4 For1 < p <2,

3
(3.4) [LP(Ai7Aj>]i,j:1 = 0.

Proof. At p =2, La(Ai, Aj) = 2tr(A;A;) is a Gram matrix. For 1 < p < 2, put £, = psin(n(p —
1))/m > 0 and use the scalar identity (Sra, 2021b)

(3.5) 2P = kp /Ooo(x/t —log(1 +z/t))tP~ 1 dt (x >0).

For t > 0, set X4(t) = A(A+tI)~! and

(3.6) Ki(A, B) := log deiffé:t (i)fe];(f ;)ﬂ ) logdet(I — Xa()Xn(t).

Applying (3.5) to A+ B, A and B and taking traces cancels the linear terms and gives

(3.7) Ly(A,B) =, /Ooo 1K, (A, B) dt.

Since 0 < Xy, (t) < I, Theorem 1.2 gives [K;(A;, Aj)] = 0, and integrating proves (3.4). O

3.3. The triangle inequality. Three-point positivity of L, places any three points of S, on a
sphere, where D), becomes a function of an angle. Let 1 < p < 2, let Ay, Az, A3 € S, and put
(3.8) Gij =l tr(A; + Aj)p — 1.
Since tr A? =1,
1— 3 2— T
G=2"P[Lp(A;, Aj)]; ., + (277 —1)11
which is positive semidefinite by Theorem 3.2 and 2277 > 1. Since Gy = 1, the matrix G is the

Gram matrix of three unit vectors ui,us, uz € R3; write Gij = cosf;; with 0 < 6;; < 7. These
angles satisfy the spherical triangle inequality

(3.9) 913 < min{012 + 923, 7T}.
By (3.8), [|4; + Ajl|, = 2 cos?/P(6;5/2), so
(3.10) Dy(Ai, Aj) = f(03).  fol6) == (201 — cos?(0/2)))* (0 <0 <m).

The triangle inequality for D, therefore reduces to a scalar property of f,.
Lemma 3.3. For 1 < p <2, the function f, in (3.10) is increasing and concave, f,(0) =0, and
(3.11) fomin{z +y,7}) < fo(x) + foy)  (O<z,y<m).

Proof. Since cos(6/2) decreases on [0, 7|, the function f, is increasing, and f,(0) = 0. For 0 < 6 < ,
put z = cos*?(#/2). Differentiation gives

(3.12) [0) <0 = (2-2)(1-2")>p(l-2).
Since t +» tP~1 is concave on [z, 1],
_ P 1 p—1
1-=2 _ 1 /tp_ldt21+z 21+ZZ 1 .
p(l—2) 1—2z/, 2 2 2—z

Thus f, is concave.
Being concave with f,(0) = 0, f, is subadditive; if  + y > 7, monotonicity gives fp(m) <
fplx) + fp(m —z) < fp(z) + fp(y). This proves (3.11). O
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Proof of Theorem 1.1 for 1/2 < a < 1. Minkowski’s inequality and strict convexity of the Schatten
p-norm (Bhatia, 1997) give D, > 0, with equality only when A = B. For the triangle inequality, let
Aq, Ay, Az € Sp, with angles 6;; as above. By (3.9), the monotonicity of f,, and Lemma 3.3,

Dp(Ai, A3) = fp(b13) < fp(min{fia + b23,7}) < fp(012) + fp(023) = Dp(Ar, A2) + Dyp(Ag, A3). O

The angles 0;; give more than the triangle inequality: three states lie on a sphere with chordal
distance d,.

Theorem 3.4. Let 1 <p <2 and Ay, Az, A3 € S,. Then
3
[”(Az + Aj)/2||phj:1 = 0.

In particular, for 1/2 < a < 1, any three states with the metric d, embed isometrically in the unit
sphere of R3.

Proof. With the angles of (3.8), ||(A; + A;)/2||, = cos,(0;;), where t,(6) := arccos cos*P(0/2) is
increasing on [0, 7], with ¢,(0) = 0 and ¢, < 7/2. With 8 = 2/p and y = cos?(0/2), 1;,(0)* =
%2 yP~1(1—y)/(1—y”), and a brief calculation shows that this increases in y because (1—y”)/(1—y) <
B. So 1, is concave, and (3.9) with the argument of Lemma 3.3 gives 1, (613) < 1,(012) + ¥p(623),
and likewise for the other two angles. Three angles in [0,7/2] with this property are the angles
between three unit vectors vq,v2, v3, whose Gram matrix is [cos¢,(0;;)]. For states, A; = p§* gives

(o +0$)/2011ja =1 — da(pi, pj)?/2, so these unit vectors satisfy ||v; — v;|| = da(pi, p;)- O

3.4. The case p = 2. At p =2, which corresponds to the endpoint « = 1/2 of Theorem 1.1, the

distance Da(A, B) = (2 — (2 +2tr AB)"/ 2)1/ ? depends only on the Hilbert-Schmidt inner product
tr AB. We can therefore work on the unit sphere of any real Hilbert space, where the distance is
also of negative type.

Proposition 3.5. On the unit sphere S of a real Hilbert space H, put D(z,y) = (2 — ||z + y|) /2.
Then D is a metric of negative type on S, so (S, D1/2) embeds isometrically in a Hilbert space.

Proof. For unit vectors at angle 0, D(x,y) = 2sin(6/4) = f2(0), so (3.9) and Lemma 3.3 prove that
D is a metric.
For negative type, write D(z,y) = ¢((z, y)), where ¢(cos#) = 2sin(f/4). Then (1 —t2)p" —t¢' +
©/16 = 0, so the Taylor coefficients by of ¢ at 0, whose series converges on |t| < 1, satisfy
k*—1/16
b S h— O\ k> 0).
2= ey o K20

Since by = 2sin(r/8) > 0 and by = —3cos(m/8) < 0, the recurrence gives by < 0 for every

k>1. Let z1,...,z, € S, let ¢ € R" with > ,¢; = 0, and let 0 < r < 1. Since ) ,¢; = 0 and
k= ?k ®k> in the k-fold tensor power of H,

(@i, ;)" = (27", @
2
n k n k
Zi,j:l CiCj SO(T<«73¢7 ‘TJ>) = Zk:Zl brr HZi:l cixl@ H < 0.

Letting r 1 1 gives negative type, and Schoenberg’s criterion gives the embedding of (S, DY H O

, L

For states, dy2(p,0) = Dy(p/?,01/?) is a function of the quantum affinity tr p'/20'/2 (Luo and
Zhang, 2004), so Proposition 3.5 shows that dy 3 is of negative type.
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3.5. The range of p. For p > 2, the triangle inequality fails even on diagonal matrices.

Proposition 3.6. Let p > 2 and d = 2, and let A = diag(0,1), C = diag(1,0) and B: =
diag (e, (1 — eP)V/P) for 0 < e < 1. Then A, B.,C € S,, and

D,(C,B;) + Dy(B:, A) < Dy(C, A)
for all sufficiently small e.

Proof. All three matrices are diagonal, so the norms are ¢, norms of the diagonals. As ¢ — 0,
expanding (1 — e?)/P =1 —¢P/p 4+ O(e%) gives Dy(A, B.)? = 1_?'#51’ + O(e?), so Dy(A, B.) =
O(eP/?). On the other hand, ||C + B|p =2+ pe + O(g?) because p > 2, so

21/p
Dy(C,B.) = Dp(C, A) — ———— 2).
p(C, 5) p(C7 ) 4:Dp(ct7 A) €+O(E )
Since p/2 > 1, the sum D,(C, B:) + Dp(B:, A) is smaller than D,(C, A) for small e. Adjoining zero
blocks gives the same counterexample for every d > 2. O

4. PROOF OF THEOREM 1.1 FOR 1 < a < 2

For a > 1, the proof of Proposition 3.1 with the reverse Holder inequality gives the equality
in (1.2), with the same minimizing state (3.2). We prove the triangle inequality first at « = 2. At a
minimizing middle state, the stationarity equation forces two auxiliary matrices to commute; the
trace-one constraints then reduce the problem to a scalar inequality. A positive linear construction
on tensor powers transfers this endpoint to the remaining orders.

For p=1/a and A; = p§, strict concavity of X — tr X? gives tr(A4; + A;)P > 2P, with equality
only when A; = Aj, so d, separates states. It remains to prove the triangle inequality.

4.1. The scalar inequality. The trace-one constraints will give weighted scalar means of at least
one. To use these inequalities directly, we subtract the tangent term (z + y)/v/2 before averaging.

Lemma 4.1. Let wg,xg,yr > 0 satisfy > pwrp = 1, Y wpxr > 1, and Y wrye > 1. If r =

ka;ﬁ/l—{-xz and s =Y, wiy/1 —i—y%, then
(4.1) kam/x% +yi < L(r,s) := \/2—1— (V12 —24 V2 — 2)2.

Proof. Jensen’s inequality gives r, s > /2. For a,b > 0, put

5(a,b) = VaZ + b2 — “g’, D(a,b) = \/3(a, b)(8(a,b) +2v/2).
We first prove the pointwise inequality
(4.2) D(z,y) < D(z,1)+ D(1,y),  x,y>0.

For a < b, both 6 and D are nonincreasing in a and nondecreasing in b. Thus (4.2) holds when z,y
lie on the same side of 1. By symmetry and continuity, it remains to treat 0 < x < 1 < y.
We compare —D,(x,y) with its value at y = 1. For fixed 0 < z < 1 and y > 1, write
H=\2@2+4?),S=2+y,and E= H—S > 0. Then D? = E(E+4)/2, and differentiation gives
E2
Dyy(z,y) = D (x, y)° [6(5 —zy) + (2 — 2y) E].

Since S —zy = x + (1 — z)y > 0, the bracket is positive if zy < 2. If zy > 2, it has the sign of

Ty — 2

6_7
z+(1—2)y
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Both factors in the subtracted product are positive and increasing in y, since

0 xy—2 2 — 22+ 2 2y
< - >0, B, =2Y_1>0
dyrx+(1—2)y (z+(1—2)y)? Yo H

Thus D, can change sign only from positive to negative, so —D,(x,y) has no interior maximum as
a function of y > 1. Its limit at infinity is 1/v/2.
At y = 1, rationalization gives

D(z,1) = (1 — 2)h(zx), h(x)?

1 1—2
= — + .
2 21 +a?)+z+1
The fraction is positive and decreasing, so h > 1/v/2, b’ < 0, and —D,(z,1) = h(x) — (1 — 2)h/(x) >
1/v2. Hence —D,(z,y) < —Dg(x,1) for 0 < x < 1 and y > 1, and integrating proves (4.2):
1 1
D(w.y) = D(Ly) = [ ~Dalay)da < [ ~Du(a,1)da= D(a, D).

To average (4.2), we use concavity of L on [y/2,00)2. In the interior, put u = v/r2 — 2, v = /52 — 2,
q=u-+wv,and ¢ = (r/u,s/v)". Differentiation gives

2
V2L = — [¢€7 - gL diag(u™® v7")] <0,

where the last inequality follows by weighted Cauchy-Schwarz from r?u 4 s?v = u? 4+ v3 + 2¢ <
q(¢> +2) = qL% Also L, = qr/(uL) > 1, because ¢*r* — u?L? = 2(¢*> — u?) > 0, and similarly
Ls > 1. Integrating these derivative bounds gives

(4.3) L(r+a,s+b)>L(r,s) +a+b,  7s>V2, ab>0.
Let (X,Y) take the values (z,yx) with probabilities wy, and put ¢t = Ev/ X2 + Y?2. Define
R=V2+0(X,1), S=v2+6Y,1), T=v2+04X,Y).

These variables are at least v/2, and (4.2) is exactly 7 < L(R,S). The mean constraints give
a:=EX-1)/vV2>0and b:=(EY —1)/vV2>0,s0 ER=r —a, ES=s—band ET =t —a — b.
Concavity and (4.3) now give (4.1):

t—a—b<EL(R,S)<L(r—a,s—b) <L(r,s)—a—b. O

4.2. The endpoint o = 2. The scalar means in Lemma 4.1 arise from a trace comparison.
Commutativity is needed only for the auxiliary matrices in this comparison, not for the states.

Lemma 4.2. Let Z > 0, and let Ry, ..., Ry be commuting Hermitian matrices. If
2. 2 W 1/2 oD 1/2
F?=3" Rj—cl =0, C:=2zY (ZjR]ZR]—CZ>Z/ >0,

where F = 0 and ¢ € R, then trv/C < tr(ZF).

Proof. For W = 0, Hilbert-Schmidt Cauchy-Schwarz gives (tr+v/C)? < tr(CW~!)tr W. Choose
W = Z1/2(F + EI)ZI/Q. Since each R; commutes with F', cyclicity of trace gives

tr(CW ™ = tr[ZF*(F +el)™ Y <tr(ZF), oW =tr(ZF) +etrZ.
Let €1 0. U

Proposition 4.3. The function ds satisfies the triangle inequality on Dy for every d.
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Proof. Write T(X,Y) = tr vX?+Y?2 sod(X,Y) = /T(X,Y)? — 2 for states. By continuity, it
suffices to treat distinct positive definite states p, o. Minimize f(z) = da(p, 2) + da(z,0) over Dy. A
minimizer exists by compactness. If it is an endpoint, there is nothing to prove. Otherwise put

u=ds(p,z) >0, v =dy(o,2z) >0, Ki=\/p?+ 22, Ky=+Vo%+ 22,
and t; = tr K;, so t§ = u*> + 2 and 13 = v? + 2. The gradient is
t t
Vf(z)=3(:H+Hz), H=—K'+2Ky'~0.
u v

The minimizer is positive definite. Indeed, if e € ker z is a unit vector, the feasible path z. =
(1 — &)z + eee* has derivative — tr(22H) < 0.
Stationarity under trz = 1 gives zH + Hz = 2\I, so H = Az~ !, that is,
t t
(4.4) LRI+ 2Ry =M, Rji= 2 VPEV2
u v

Thus R1, Ry commute. Operator monotonicity of the square root also gives K; = z,s0 R; = I. In a
common eigenbasis ey, write

Rjey, = rjrex, wy, = (e, zek), zp=\/r% — 1, yp= \/7“2219——1
Then >, wr =1 and
tr= wi/l+af,  t2=) wn/l+y}

Since p? = zY/?(R1zR; — 2)z'/?, Lemma 4.2 gives
lztrpgzkwkxk, 1:tra§2kwkyk.

Applying that lemma once more to p? + 02 = 21/2(R12R1 + RozRo — 2z)21/2 yields

T(pva) < Zk Wi \/ l‘% +y]% < L(tht?) =\ 2+ (u+ ’U)2,

where the second inequality is Lemma 4.1. Thus da(p,0) < f(z), and minimality gives the triangle
inequality for every middle state. O

4.3. Transfer to the other orders. The transfer uses positive linear maps so that sums are
preserved even when the inputs do not commute.

Lemma 4.4. Let 1/2 < p < 1, and let Ay, Ay, A3 € P? satisfy tr AY = 1. There are finite-

dimensional density matrices BZ(N) such that, for i # j,

(4.5) tr \/(B(N))2 + (B2 — [or(4; + 4574V

Proof. Let S have density ps™P~! on [1, 00), and put ¢(t) = Ee™**. A change of variables gives
1—¢(t) = ptp/ (1—e o P du ~ (17, 1—¢(t) < Lyt?,
t

where £, = p [;°(1 — e ¥)v P 1 dv € (0, 00).
For independent copies 51, ..., Sy, define the positive linear map

N
On(X) =N 5 x0
r=1

on (CH®N where X (") acts in tensor factor . Writing 7, = tr /m, independence and commutativity
of the tensor copies of each fixed X > 0 give

ETdNe_tq)N(X) = [ngb(tN_l/pX)}N — et TaX?
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Moreover,
0<1—Erne ) < min{1, {,t’ 7, X"}

Multiply by t=3/2 and use v/z = (2¢/7) 7" [{°(1 — e7¥)t~3/2d¢. The bound is integrable because
p > 1/2, so dominated convergence gives

1 o0
(4.6)  Erpn/On(X) — p(raXP)V@) 4 = 2\/7?/0 (1—e %)% dt € (0, 00).

For each N, approximate these expectations simultaneously for the six inputs A; and A; + A;

(i < j) by a finite weighted average, with error at most 1/N; such averages exist because the

integrands are continuous and dominated by || X ||(1,{>2N ~1/@r) 5~ \/S,. Let sy be the nodes and

qe > 0 their weights, and set
N qe |
Dz( ) = @ di (I)N,sg(Ai)'
l

Their traces are the chosen weighted averages. Linearity gives

tr \/ (D)2 1+ (D)2 =3 g/ Bvs, (Ai + A).
V4

Consequently, with M = ~,d~'/(2P) > 0,

N N N N N 1/(2
m™ = D™ — M, T )::tr\/(D( N2 4 (D)2 — Mte(A; + AP

(N) Z V) /(M)

For sufficiently large IV, normalize B, .- Operator monotonicity gives

N
il < tr \/(B(N>)2 + (B2 <
max{m(- ) m(-N)} B ' ! B
i oYy

T
) (N)}'

- (
min{m; ", m;

Both bounds have the limit in (4.5). O

Proof of Theorem 1.1 for 1 < a < 2. Proposition 4.3 proves the triangle inequality at o = 2. For
l<a<2 set p=1/a and A; = p%. Lemma 4.4 gives

do(BY, BJ) — \/[U(Ai + A4,)7) P — 2 = da(pi, p)).

)

The endpoint triangle inequality passes to this limit. U

AT USAGE

The results in this paper were developed through extensive use of Al assistants: OpenAl’s GPT Pro
for the main line of argument, and Anthropic’s Claude for the endpoint results in Section 3.4 and
Appendix A.2, Remark A.2, Proposition 3.6, and the writing, positioning, and literature search.
OpenAl assistants also developed the four-point consequences in Appendix B and assisted with
proof simplification and reorganization. The arguments emerged through sustained work involving
failed attempts, counterexamples, numerical checks, proof audits, and repairs.
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APPENDIX A. RELATION TO THE CONE AND JENSEN-SHANNON METRICS

For 0 < a < 1, we relate d, to the two earlier metrics of the introduction: the cone metric of Sra
(2021b), which drops the trace constraint, and the Jensen—Shannon metric, the limit of the rescaled
do as a1 1.

A.1. Comparison with the cone minimum. To let the center range over the cone, extend T, to
X,7Z e P? by

atrX + (1 —a)trZ —tr Xoz=@
et '

(A1) To(X,Z) =

Minimizing over the cone gives the relative-entropy Jensen—Tsallis divergence of Sra (2021b, Theo-
rem 4.1); its commuting case was studied by Osterreicher and Vajda (2003).

Proposition A.1. Let 0 < a <1 and p,0 € Dy, and put

M, = (pT) . hi=tr M,
The unique minimizer over P4 is M, and
(A.2) (1 - ) min {Ta(p, 2) + Ta(o, 2)} = 2(1 - ).
€
Proposition 3.1 gives the constrained center M, /h and
(A.3) da(p,0)? =2(1 — h%).

Proof. Write Z = st, where s = trZ and 7 € Dy. For fixed s > 0, Proposition 3.1 gives the
unique optimal state 7 = M, /h. Since [p* + 0%||;/ = 2h%, the scaled objective reduces to
200 + 2(1 — a)s — 2h%s'=9 a strictly convex function of s > 0 minimized at s = h, with value
2a(1 — h). The minimizing matrix is s7 = M,. O

Remark A.2. For 1/2 < a < 1 and three states p;, let p = 1/ and take A; = p in the Gram
matriz G of (3.8). Then hij == tr((p% +p%)/2)V/* = (14 Gy5)/2. Thus H = [hij] = 117 +G)/2 is a
Gram matriz of unit vectors v;, and the scaled cone minimum satisfies 2a(1 — hij) = allv; —v;||%. Its
square root satisfies the triangle inequality and separates states by (A.3) and Theorem 1.1, recovering
the cone metric of Sra (2021b, Theorem 4.1) on states. In contrast, do(p;, pj)* = 2(1 — hgs) by
(A.3), and its triangle inequality needs Lemma 3.5.

A.2. The limit o 1 1. For the Umegaki relative entropy tr p(log p — log ), the optimal center is
m = (p+ 0)/2 and the least total is 2 QJSD(p, o), where

(A.4) QJSD(p, o) := 5 tr p(log p — logm) + 5 tro(log o — log m)
is the quantum Jensen—Shannon divergence.
Corollary A.3. For p,o € Dy,

2

50 —a) ~ @ISP(:o).

Consequently QJSDl/2 s a metric on Dy.
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Proof. Put Y, = p® + 0%, g(a) = tr Y2/ and fla) = g(a)® = |[Yall1/a- Then f(1) = 2, so
do(p,0)? = f(1) — f(a) by Proposition 3.1, and the limit is f’(1)/2. A brief calculation gives

g (1) =tr(plogp+ologo) —tr((p+ o) log(p+ o)) =2QJISD(p,0) — 2log 2,

so (1og f)'(1) = log g(1) + ¢'(1)/g(1) = QISD(p, o) and f'(1) = 2QISD(p, 7). Since dy/(2(1 - a))V/2
is a metric for 1/2 < a < 1 by Theorem 1.1, its pointwise limit QJSD'/? satisfies the triangle
inequality, and strict convexity of X — tr X log X makes it separate states. O

APPENDIX B. QUANTUM JENSEN-TSALLIS AND JENSEN-RENYI DIVERGENCES

We apply Theorem 1.2 to entropy-based Jensen divergences. For p,o € Dy and m = (p+0)/2, let

q_ Lippa_1 q
trm strp stro

(B.1) QJSD,(p,0) := - (0<g<2 g#1),
and put QJSD; = QJSD. The quantum Jensen-Rényi divergence is
log tr p?
(B2)  QIRD,(p.0) = Hy(m) = 3Hy(p) = §Hy().  Hy(p) = 220 (0<q <),

with QJRD; = QJSD. These divergences differ from both minima in Proposition A.1.

Theorem B.1. On any four density matrices, QISD,, is of negative type for 0 < ¢ < 2, and QJRD,
s of negative type for 0 < q < 1. Their square roots are metrics, and every four states with either
metric embed isometrically in R3.

The square-root metric properties were proved in Sra (2021b, Corollaries 3.3-3.5 and Theorem 6.3).
More generally, the proof below gives four-point negative type for every Jensen divergence that is a
nonnegative integral of S-divergences of shifted matrices, which includes the families of Sra (2021b,
Theorems 3.1 and 3.6). For commuting states, QJ SD,, is of negative type on arbitrary finite sets
(Briét and Harremoés, 2009; Martins et al., 2009).

Proof. For 0 < ¢ < 2,

(B.3) QISD,(p, o) = cq/o 765 (p+ t, o + ) dt, ¢ = gsin(rq)

m(l—q)’
This follows from ¢, [5° 197 (z 4+ )72 dt = qa?~? after integrating twice in z and taking traces: the
midpoint combination cancels the affine terms. The integral converges since 5?9(/) +tl,o+tl) is
O(1 + |logt|) at zero and O(t~2) at infinity. Since ¢, > 0, Theorem 1.2 proves four-point negative
type for QJSD,. At ¢ =2 the same conclusion follows from QJSDs(p,0) = %HP —oll3.

For the Rényi case, we apply the logarithmic argument of Sra (2021b, Theorem 6.3) to four
states. Fix 0 < ¢ < 1 and po,...,ps € Dg, and put h;; = tr((p; + p;)/2)?, so that h;; = (1 —
q) QJSD,(pi; pj)+(hii+hjj)/2. By the first part and Schoenberg’s theorem, [e=*(1=0) QISDy(pips)] =
for every s > 0, and rescaling rows and columns by e~"/2 gives [e=hii] = 0. For any ¢ € R* with
> & =0, the identity logr = [7°(e™® — ") ds/s therefore glves

Zsi@-loghij:—/ Z@@ wf<0
1,

Since (1 — q) QJIRD(pi, pj) = loghi; — %log hii — 5 Lloghj; and ;& = 0, this proves four-point
negative type for QJRD,.

For distinct states, 0%(p+tI,0+tI) > 0, so (B.3) gives QJSD,(p,0) > 0. For 0 < ¢ < 1, this also
gives hij > (hii + hjj)/2 > \/hiihj;, hence QJRD,(pi, pj) > 0 when p; # p;. Schoenberg’s criterion
now gives the claimed Euclidean embeddings, so the square roots are metrics. ([l

61:1.
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