THE ¢-FOULKES PROBLEM II:
SCHUR POSITIVITY WITH HIGH PROBABILITY

SUVRIT SRA™

ABSTRACT. Bergeron’s g-analog of Foulkes’ conjecture asserts that (Hy[Ha] — Ha[Hs])/(1 — q) is
Schur positive for a < b, where H,, is the (modified) Hall-Littlewood polynomial. We view this
conjecture probabilistically: on each irreducible representation of Sus, the two plethysms induce
degree distributions, and positivity means that the first is stochastically smaller than the second. We
prove that, for a random (Plancherel) irreducible representation and a degree sampled from its graded
multiplicity, the corresponding coefficient is negative with probability at most Cexp(—c(ab)1/3),
uniformly in a < b. Consequently, the g-Foulkes conjecture holds after deleting a fraction at most
C exp(—c(ab)l/ 3) of each of the two graded modules. Additionally, we show that exact conditional
means and variances yield complete positivity for explicit width and height families.

1. INTRODUCTION

We study the g-analog of Foulkes’ conjecture proposed by Bergeron (2017) from a probabilistic
point of view. Recall that Foulkes’s conjecture (1950) states that, for a < b, the difference of
plethysms hy[hq] — ha[hs] of complete homogeneous symmetric functions is Schur positive, i.e., it
expands with nonnegative integer coefficients in the Schur functions sy, A = ab. This positivity is
known for a < 6 (Thrall, 1942; Dent and Siemons, 2000; McKay, 2008; Cheung et al., 2017; OpenAl,
2026) and for b large with respect to a (Brion, 1993), but it remains open in general.

Bergeron’s g-analog replaces h,, by the (modified) Hall-Littlewood polynomial

Hy(X1q) = (@ @b [5] . where (g:0)a:=T]_ (14,

and his analog of Foulkes’ conjecture is the following:

______________________________________________________________________________

i Conjecture 1.1 (Bergeron, 2017). For all integers a < b, the divided difference

: Hy[H,] — H,[H,
| Fupim b[Ha] [H)
|
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is Schur positive with coefficients in N]g].

Since H,,(X;0) = hy, at ¢ = 0 the conjecture reduces to Foulkes’ conjecture. Bergeron proved
the conjecture at ¢ = 1 (Bergeron, 2017, Section 3).

Our starting point is a probabilistic view on Conjecture 1.1. The plethysms Hy[H,| and H,[H)
are the graded characters of two Sy-modules M, ; and M 4, where N = ab, and both are regular
once the grading is forgotten (Lemma 2.1). Each irreducible S* therefore occurs dy = dim S* times
in each module, and the degree of a uniformly chosen copy defines a random variable T for M,
the target, and S for My ,, the source. Dividing by 1 — ¢ takes cumulative sums, so [qks A Fap equals
dx(P(Tx < k) —P(Sx < k)) (Proposition 2.2), and Conjecture 1.1 says that T} is stochastically
smaller than S for every A = N. The Plancherel-averaged degree laws admit an exact monotone
coupling (Lemma 3.5), but a small absolute error can reverse this order where the averaged gap is
small. We control the character corrections relative to positive averaged gaps and tails.
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E Theorem 1.2 (Probabilistic g-Foulkes). There are absolute constants C,c > 0 with the following:
' property. For integers 1 < a < b, put N = ab, sample A = N from Plancherel measure, and,
' conditionally on A, let K have the law of T or of Sx according to a fair coin. Then

I
I
I
I
I
______________________________________________________________________________

Theorem 1.2 says that Conjecture 1.1 holds with high probability, in that the probability of
a ¢-Foulkes violation, a negative coefficient at a random shape and degree, is at most Ce™¢V e
Concretely, suppose we weight each pair of a shape A and a degree k by the dimension of the
A-isotypic part of the two modules in degree k. Then the pairs at which the conjectured inequality

—eN'? of the total weight. Moreover, outside a set of Plancherel

fails carry a fraction at most Ce
mass at most Ce—N'"*/ 2 the failing degrees carry at most e ¢V Y212 of the shape’s graded mass
(Corollary 3.1). When a and b are close, positivity holds throughout a central degree window.

' Corollary (informal Cor. 3.7). There are absolute constants r,C,c > 0 such that, if 2 < a < b,.
' N = ab, and b — a < kN6, then a Plancherel-random shape A satisfies, with probability at

E least 1 — C’e_CNl/ that all coefficients of [sp|F,p in a deterministic central degree interval are '

|  nonnegative, and that the interval carries all but C’e_CNl/ of the mass of Ty and of Sy. :

Since the conjecture asks for a degree-nonincreasing equivariant bijection My, — M, Theo-
rem 1.2 has an exact consequence too. Match each copy of an irreducible in M, to a copy of
the same irreducible in M, of no larger degree, and delete the copies that cannot be matched.
Then, the deleted copies form a fraction at most Ce~*N % of the dimension of each module, and
the submodules that remain satisfy the conjectured Schur positivity (Theorem 3.4). We note that
this fraction is the smallest possible, and it is exponentially small in N once b > (1 + §)a for a
fixed 6 > 0 (Corollary 3.6). Because target degrees never exceed a fixed endpoint, both the failure
probability in Theorem 1.2 and the deleted fraction are at most e~“V when b > 6a > 18, and at
most exp[—(1/3+0(1))N log N] when b < a? and a — oo (Corollary 3.9). Both extend to Bergeron’s
rectangular conjecture, where the inner factor H, becomes the modified Macdonald polynomial of a
rectangle, with a second grading that the matching preserves (Theorem 5.1, Corollary 5.2).

Theorem 1.2 and its consequences concern typical shapes. Our second main result proves the
conjecture outright, at every degree, for explicit infinite families of shapes. Such families exist
because a width bound separates the source support from the target mean by order b2, while both
conditional standard deviations are O(b%/?). The exact conditional means and variances then order
the two cumulative functions at every degree (see Theorem 4.5).

______________________________________________________________________________

' Theorem 1.3 (Positivity at bounded width). Let a > 2, and let 1 <w < 2a—1, or w =2a if a,
1is even. There is an explicit B(a,w) such that [s)]F,, € Nlq] for every b > B(a,w) and every
| \ partition A = ab with \1 < w. [

The same criterion gives positivity under a height bound, even for widths growing linearly in
b (Corollary 4.6). For fixed a > 2, let Ay I ab have normalized transposition characters satisfying
x*(2,1%°72) /dy, — = < 1. The moments certify a positive interval of length ©(b?) reaching within
O(b) of both conditional means (Corollary 4.8). In the macroscopic interior, the coefficients are
asymptotic to their upper bound dy, (Theorem 4.7). Positivity at every degree of a typical shape

—cN1/3

remains open, since the rate e does not rule out individual negative coefficients (Section 4.4).

1.1. Conventions. Throughout, a,b > 2 are integers and N = ab unless stated otherwise, ¢, = (g),
and [n]y = (1—¢")/(1—q). For a partition A, X" is its conjugate, £(\) its length, n(A) = >>;(i — 1)\;,
and its width, height, and depth are A1, £()), and |A| = Ay. For p = 1"™12™2 ... put z, = [[,. " m,..
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For A N, 8% is the irreducible Sy-module over C, x* its character, and dy = dim S*. Plethysm
acts on every grading variable through the Adams operations p; — p,;, ¢ — ¢", and ¢ — t".

2. REGULAR MODULES AND CONDITIONAL DEGREE LAWS

This section turns Conjecture 1.1 into a comparison of two probability laws on each shape, which
is the form every later result uses. The plethysms P, = Hy[H,] and Qg = H,[H}| define the
degree laws Ty and Sy of Theorem 1.2 because their underlying modules are regular.

2.1. The graded character of the coinvariant algebra. The coinvariant algebra is where H,
comes from, and its regularity is what makes the degree laws exist. The coinvariant algebra R,, is

the quotient of the polynomial ring by invariant generators of degrees 1,...,n, so the graded trace
of 0 € S, on R, is (q;q)n/ det(I — qo). If p is the cycle type of o, this trace is
(43 9)n
(2.1) kn(o;q) i = =——F————.
" HrEu(l - qT)

Thus k, is the graded character of R,, and at ¢ = 1 it is the regular character. Expand h, =

> un Pu/?u- The plethystic alphabet 1/(1—q) replaces p. by pr/(1—q"), s0 Hyp = 3 fon (145 )P/ 2
is the graded Frobenius character of R,,.

2.2. Wreath induction. Wreath induction realizes plethysm (Macdonald, 1995, Chapter I, Appen-
dix A, (6.2)), and its graded form produces the modules behind Hy[H,|. Partition [/N] into b blocks
of size a, with a fixed labeling (7,7), 1 <i <b, 1 < j < a, and let W, = S, 1 S, of order (a)bb!,

preserve this partition. Write an element as (71, ..., m; o), acting by (¢,75) — (o(7),m(j)). For an
outer cycle C' = (iy,...,1i,), define the monodromy 7 = m;, - - - m;,, and put
(2.2) Oup(m,o1q) = k(03q)  [[  Kalmeid)).

CeCyc(o)

Lemma 2.1 (Graded wreath induction). The function ©,y is the graded character of R®® @ R,
with the natural wreath action, permuting tensor factors without signs, and

chIndyy (R$® @ Ry) = Hy[H,).

b

Proof. The graded trace on an outer r-cycle is kq(m¢c;¢"): a homogeneous vector of inner degree d
is carried around r tensor factors and contributes ¢"%. Multiplication by the trace on Rj proves
(2.2). The cycle-index formula for induction gives

1
> Oup(w; )pu(w) = HolHa.
|Wa7b| weW,
Indeed, an outer r-cycle multiplies every cycle length of mo by r, exactly the Adams operation
pj + prj together with ¢ — ¢". O
Put
(2.3) My = Indp | (RE® @ Ry).

By Lemma 2.1, chy M., = P,;. Ungraded, Rff’b ® Ry is regular for W, ;: a nonidentity outer
permutation has zero trace on Rj, while for the identity outer permutation the inner traces vanish
unless every inner permutation is the identity. Induction preserves regularity, so M,; and M, , are
ungraded copies of C[Sy].

Regularity turns the coeflficient polynomials into probability laws. For A = N, write

ux(q) = [s] P uA(q) = [5A]Qap-
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These polynomials have nonnegative integer coefficients, and uy(1) = v)(1) = d). Define integer-
valued random variables by

(2.4) Eq™ =ur(g)/dy,  Eg™ = ux(g)/dx.

Proposition 2.2 (The exact conditional comparison). For every integer k > 0,

lg"\]Fup
dx

Thus F,, is Schur positive with coefficients in N[q| if and only if T is stochastically smaller than
S\ for every A\F N.

(2.5) =P(T) < k) — P(S) < k).

Proof. Dividing by 1 — g takes cumulative sums of coefficients, and the resulting series terminates
because both totals equal dj. O

Proposition 2.3 (Equivalent filtered formulations). For fized a,b, the following are equivalent:
(1) F, is Schur positive with coefficients in N[q|;

(2) there is a degree-nonincreasing Sy -equivariant linear bijection My o — Mg p;

(3) there is a degree-preserving Sy -equivariant C[z]-linear injection

Mb,a ® (C[Z] — Ma,b ® (C[Z], degz = 17
with finite-dimensional cokernel of graded Frobenius character Fy .

Proof. Fix an irreducible type and list its multiplicity degrees in increasing order as s1 < --- < sg,
in the source and t; < --- <4, in the target. The cumulative inequalities are equivalent to ¢; < 's;
for every i. Matching these copies gives (2). Over C|z], send the source generator to 2% ' times the
target generator; the cokernel of this map has Hilbert polynomial (g% — ¢*)/(1 — q). Conversely,
either map gives the cumulative inequalities. The maps depend on the chosen matching. ]

3. POSITIVITY WITH HIGH PROBABILITY

To measure how often the conjecture fails, we weight each coefficient c) , = [sAqk]Fmb by the
dimension of its irreducible type and by its graded multiplicity in the two modules. The weights
define the probability measure

2
(3.1) Gaplh k) = B (B(Ty = k) + B(S) = ).
Its shape marginal is Ply()\) = d3/N!. Throughout, A is a random shape with law Ply and X is
a fixed shape, so Ty and S, are the conditional degree laws at A. Conditional on A, it chooses
either module with equal probability and samples the degree of a uniformly chosen element of
a homogeneous basis of the multiplicity space. We call this law the graded Plancherel mizture.
Theorem 1.2 becomes, for all integers 1 < a < b,

P(A,K)NGM(CA,K <0) < C’exp(—ch/g).

For a =1 or a = b the divided difference is zero, so all nontrivial estimates below assume 2 < a < b.
For each shape, put

V)\ = %(P(C)\,TA < 0) + IP(C,\,SA < 0))
Thus V) is the fraction of the graded mass of A on which the coefficient inequality fails, and

Theorem 1.2 is the assertion Epj, Va < Ce=N'* | Markov’s inequality turns this averaged bound
into a statement about most shapes.

Corollary 3.1 (Violations carry little graded mass on most shapes). With the constants of
Theorem 1.2,

Priy (Va > e=V2) < 0o
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Proof. Apply Markov’s inequality to Vj. O
A shape’s first negative cutoff always carries source mass.

Proposition 3.2 (The sampling law detects every violation). The following are equivalent:
Gap(c < 0) = 0; Vi =0 for every X; ek > 0 for every A k.

Proof. If a shape has a negative coefficient, take its first negative cutoff kg, with ¢y _1 = 0. Since
Cako — Cako—1 = AN(P(Ty = ko) — P(S) = ko)) < 0, we have P(Sy = ko) > 0. Hence the negative
coefficient has positive mass under (3.1). O

3.1. Positivity after a minimal deletion. Proposition 2.3 turns the conjecture into a degree-
nonincreasing bijection My, — M, . We seek the smallest deletion that repairs all degree cutoffs
at once. Write Frr ) and Fg , for the cumulative distribution functions of T) and S) in (2.5). The
cumulative defect of A,

Dy = Sl;p(Fs,A(k‘) — Fra(k))+,

measures the obstruction to matching each source copy to a target copy of no larger degree, and the
following elementary lemma shows that the obstruction is exact.

Proposition 3.3 (Optimal ordered matching). Let x1,...,xf and y1,...,ys be two lists of integers.
The largest partial matching with x; < y; has size

f-max(#{j:y; <k} —#{i o <k}) .

Proof. An initial segment of the y-list with y; < k can only be matched to z; < k, so its excess is
an unavoidable deficiency. Conversely, the neighbor sets of the y-vertices, namely {i : z; < y;}, are
nested. For any subset of y-vertices its Hall deficiency is bounded by the deficiency of the full initial
segment ending at its largest degree. The maximum initial-segment deficiency is therefore the full
Hall deficiency, and Hall’s theorem, or greedy matching in increasing order, attains it. ([l

Theorem 3.4 (Optimal filtered matching). For integers 1 < a <b, put N = ab and Aqp = Ep, Dy.
There are graded submodules M;b C M,y and Ml?,a C My, of the same codimension, with an
Sn-equivariant isomorphism My, — Mg, preserving the increasing degree filtration, such that
codim M7,  codim My,
NI NI
chg My, — chq My,

—_cN1/3
= Aa,b <Ce eN )

(3.2) . € > Nig]sy.
q AFN
The normalized codimension is optimal. Equivalently,
k
(3.3) max rankg _ 1—Aup,

where ¢: My o — Mg, ranges over equivariant filtration-preserving linear maps. The minimum
probability of Ty > Sp in a coupling of the two conditional degree laws that preserves A is also
exactly Agp.

Proof. For each A, list the d) homogeneous multiplicity degrees of the two modules. The unmatched
number in Proposition 3.3 is the integer maxy(—cy )+ = dyxDy. Delete this many copies of S* on
each side, and match the rest. The common dimension loss is >\ d?\DA = N!A;p. Every matched
pair x < y contributes

¢ —q’

T, y—1
T sx(g"+--+4"7),

S\
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with the contribution zero when z = y; summing over matched pairs proves (3.2). The same counting
of initial segments bounds the nullity of any filtered equivariant map from below by 3", d3 Dy,
proving optimality and the rank identity (3.3).

A coupling of two uniform degree lists is a doubly stochastic matrix. The linear matching cost
attains its minimum at a permutation matrix. Greedy ordered matching gives failure probability
exactly D); the same counting of initial segments gives the reverse inequality. Average over .
Finally, Dy < 2V, (Lemma A.1) and Theorem 1.2 give the rate. O

3.2. The averaged degree laws. The proof of Theorem 1.2 measures each conditional law against
its Plancherel average, so we first show that the averages are explicit and already ordered. They
are sums of independent uniform coordinates, which can be coupled monotonically. Let U; be
uniform on {0,...,j} and define M,, = Z;:ll Uj;, with all summands independent. For M, ,, the
Plancherel-averaged generating function is its graded dimension divided by N!:

[ug"\ " [v]g!
(34) gl = (“45)
For P, ; and Qg these laws are those of

b a )
(3.5) X=SMI+M, Y= M)4M,
i=1 i=1
Repeated terms denote independent copies. Write px (k) =P(X = k) and py (k) =P(Y = k), and
put ux = EX and puy = EY. Their mean difference is
(a—1)(b—=1)(b—a)
1 .

d=py —px =
Also
EM, — n(n4— 1)7 VarM, — n(n — 17);271 + 5).
Lemma 3.5 (Positive coupling and separation). There is a coupling of X,Y with X <Y almost
surely. In this coupling, if a < b,
(3.6) P(Y — X < d/2) < e~cola=D)(—1)

for an absolute co > 0. There is also a deterministic real cutoff t such that

(3.7) P(X >t)+P(Y <t) < 2exp (-W) .

Proof. Remove the common summands M, + M. There remain mo = (a — 1)(b — 1) uniform
coordinates on each side. For 1 < i < myg, put

a=liml =]

With independent uniform &; € [0, 1), couple the remaining coordinates as | (A;+1)& | and [ (B;+1)&;].
Their laws are the required multiset of uniform coordinates, and A; < B;. The total expected
displacement is mg(b—a)/4 = d. Each coordinate displacement is between zero and b—a. Hoeffding’s
inequality Hoeffding (1963) gives (3.6), for example with ¢g = 1/32.
For the last assertion, let Qx, @y be the sums of squared uniform widths in (3.5). Then
Ox = ba(a 1)(2a — 1) n b(b—1)(2b 1)’
6 6
and Qy is obtained by interchanging a,b. Both are at most Nb?/2, and d > N (b — a)/16. At

t = pux +dvQx/(vQx ++/Qy), Hoeffding bounds the sum of the two tails by 2 exp{—2d?/(v/Qx +
VQy)?}. The displayed estimates imply (3.7). O
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The cutoff of Lemma 3.5 bounds the optimal loss A, and the failure probability when the degree
is sampled from the target.

Corollary 3.6 (Separated parameters). For 2 < a <b and N = ab,
N(b—a)?
25652 '

where A has Plancherel law and Ty is sampled conditionally on A. If b > (14 §)a for a fized 6 > 0,
both quantities are at most 2 exp[—32N/(256(1 + 4)?)].

max {Agp, Plcar, <0)} <2exp (—

Proof. For every real t and every shape,
Dy, P(C,\’T/\ < O) <1- FTy)\(t) + FS7)\(t).

For the defect, cutoffs at most ¢ have defect at most Fg »(t), and larger cutoffs have defect at most
1 — Fr x(t). The bound on the sign when the degree is sampled from the target is (A.1). Average
and use the cutoff of Lemma 3.5. The last assertion follows from (b —a)/b > /(1 +9). O

Writing G(k) = P(X < k) — P(Y < k), the same coupling gives
Epi, CC?”“ =Gk)=P(X <k<Y)>0.
A

Since E ® C[Sy] = (dim E) C[Sy] for every representation F, this averaged inequality is equivalent
to the comparison of Conjecture 1.1 after tensoring both modules with the regular representation
in degree zero. For individual shapes, the proof of Theorem 1.2 bounds the character corrections
relative to G(k), even where G(k) is small.

3.3. Proof of Theorem 1.2. When the mean gap d is large compared with the standard deviations,
a cutoff separates the averaged laws, and one conditional source tail suffices. This separation bound
has constant order when b — a = 1. For close means, we use the positive cumulative gap G(k) and
control the character corrections relative to it on a window of moderate deviations. The character
estimates are proved in Appendix A.

The conditional cumulative and tail probabilities expand in normalized characters (Lemma A.5).
For a reduced cycle type v whose parts are at least two, let s = |v| be the number of moved
points and r = s — £(v) its index. Retain the identity and the classes with 1 < r < m, for which
s < 2r < 2m. These classes are few, and their corrections are explicit finite differences of the
averaged law. The residual R,,, sums the contributions of the remaining classes, which are controlled
only in mean square. For H C Sy, let v,(H) be the maximum of |C'N H|/|C| over conjugacy
classes C of index at least m. Lemma A.4 bounds these ratios, and (A.7) bounds the mean square
of the residual by ~,,(H) times a normalized trace.

Put

z=eNYS, p=[],  m=[I,
where the absolute constants € and I' are chosen at the end of the proof. We work with sufficiently
large N and absorb the remaining finite range into the absolute prefactor C' of Theorem 1.2.

3.3.1. One conditional source tail. For the source Qqp, let u=0>v =a and o = bv/N. Take the
window multiplier L = 1 in Lemma A.7, and put

ki =[py +oz], dp=PY >ky).
Lemma A.7 gives constants B, c; > 0 with

(3.8) e~ B’ <dép < C'efclzz, o > c1 d

ky).
+sz( +)

After fixing I", choose ¢ sufficiently small as below. Proposition A.9 bounds the sum of the retained
tail corrections by dp/4 outside an event of probability 4 - 1677.
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Lemma A.4, with m = [['2?%], gives
Yin(Wha) < exp(~T(log2)2" + o(1)) + Ce~ ™.
For the tail projector, use E|R|?> < 4y, Chebyshev and (3.8) show that its residual exceeds dp/4
with probability at most 167meQBZ2. Choosing I' so that I'log2 > 2B + 10 gives
(3.9) Ppiy (1 — Fyp(ky) < 6p5/2) < Ce=%.

3.3.2. Separated means. Suppose d > Qoz, where € is a sufficiently large absolute constant chosen
after B. The optimized cutoff from Lemma 3.5 gives t € (ux, uy) such that

(3.10) P(X >t)+P(Y <t) < Ce™ (BH102

after increasing ). Markov’s inequality and dp > e~ B imply

PPIN (1 — FT,A(t) > (53/4) < 06_1022.

On this good event and the one in (3.9), monotonicity gives, simultaneously for all integers

t<k<k,,

Cé?xk = (1= Fsa(k)) = (L= Fra(k)) = 0p/4 > 0.

When the coin selects the source, a violation can therefore occur only below ¢, above ki, or on an
exceptional shape, with total probability at most Ce=*". When it selects the target, averaging the
distribution-free bound (A.1) and using (3.10) gives the same conclusion, and so does the mixture.

3.3.3. Close means. Suppose instead d < Qbv/Nz. Since d > N(b —a)/16, we have (b — a)/b <
16Q2/vN = o(1). Consequently a,b < /N and b — a < Cqz, and the variances of X and Y are
both comparable to N2. Take the integer window

Iy =[pux — LoNz, py + LoNz|NZ

with a fixed Lg > 1. The two averaged degree laws have mass at most Ce=*" outside I N-

To compare corrections with G(k), we bound G(k) below relative to the point masses throughout
this window. On this window, both X and Y satisfy the estimates of Appendix A.2, with multiplier
depending only on Q, Ly. Take an integer £y < N/(1 + z), small enough that ¢y < d/2; such an ¢y
exists because b — a > 1 gives d > ¢N. In the monotone coupling of Lemma 3.5,

Gk)=PX<k<Y)>Pk—-4y<X <k)—PY —X <),
and also
G(k‘) Z]P)(k <Y < k—i—go)—P(Y—X <€0).
Lemma A.7 compares the masses within these short intervals, while (3.6) bounds the subtracted

term by e~¢V. The latter is negligible relative to the moderate probabilities. We obtain, uniformly
for k € Iy,

N
G(k) > cary 7 (px (k) + py (k) > e~ ot

Apply Proposition A.9 to both wreath subgroups with reference function G(k). On the common
character event, the sum of their retained absolute corrections is less than G(k)/2 for every k € Iy,
if € is sufficiently small. For both groups, u,v =< v/ N, so the stronger part of Lemma A.4 gives

Ym < Cexp(—clz%log N) + Ce=VN,

The full degree support has at most (];[ ) +1 < N? cutoffs. Use (A.7), Chebyshev, and a union
bound over them. The probability that the two residuals together exceed % minger, G(k) is at most

2 N o —ev/ —c2?
CN2€2BQ’LOZ (e cl'z logN_|_€ C N) SC@ cz .
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Thus all coefficient inequalities hold simultaneously on In except for shapes in an event of probability
Ce=". The graded mixture leaves Iy with probability Ce_cz2, completing this regime.

The constants are fixed in Appendix A.2.1. With 22 = e2N'/3, both regimes fail with probability
at most Cefczz, which proves Theorem 1.2.

The argument for close means compares all cutoffs in its window on the same set of shapes.

Corollary 3.7 (Simultaneous positivity on a central window). There are absolute constants
A, k,C,c> 0 such that, whenever 2 < a <b, N = ab, and b — a < kN'/S, the interval

Iy =[ux — ANT/S) iy + ANV Z
has the following property. The shapes A+ N that satisfy both

k>0 (k€lyy),  P(ThgIy)+P(Sy ¢ Iy) < Ce N’

have Plancherel probability at least 1 — CeeN'?

Proof. Use the fixed constants ¢, €2, Ly from the proof of Theorem 1.2, and take x = Qe and A = Lge.
Since b > v/N and d < N (b — a)/4, the hypothesis places the parameters in the case of close means.

The proof there establishes all coefficient inequalities on I, ; outside an event of probability Ce=eN'?,

It also gives P(X & Iop) + P(Y ¢ Inp) < Ce=eN""? This sum is the expectation of the conditional

tail sum in the statement. Markov’s inequality at threshold e~V %/2 and a union bound prove the

result after adjusting C, c. U

3.4. Faster rates when b is much larger than a. Beyond the target support, its cumulative
distribution is one and a negative coefficient is impossible. The source mass below this endpoint
therefore bounds failures; its Plancherel average is a tail of Y in (3.5).

Theorem 3.8 (A support bound for signs and filtered loss). For 1 <a <b, put N = ab and
Di=beg+c,  map=PY <Di),  Ry=Fsx(Dy—1).
Then every A+ N satisfies

(3.11) max(Vy, D)) < Ry, Ep1y RA = Na b

In particular,

(3.12) max{Ga(c < 0), Agp} < min{Ce N 1.},
(3.13) PPIN (max(VA, DA) > u) < na7b/u (u > 0).

There is an explicit filtered comparison with normalized dimension loss exactly 143 from each module;
the optimal loss A,y of Theorem 3.4 may be smaller.

Hoeffding’s inequality and integer-tuple counting bound this scalar tail. The proofs and boundary
cases are in Appendix A.3.

Corollary 3.9 (Exponential and entropy rates). Fora >3 and b > Ga,
max{Ggp(c < 0),Aup} < Ngp < o~ 8N/218T
Forb>a> 3,

(3.14) Nap < min {1, [62 (Z + i)} N_l} .

Consequently, if m, := min(a,b/a) — oo, then
log nap < —(N — 1)logm, + O(N).
In particular, for b = a® with a — oo,
(3.15) max{Gyp(c < 0),Agp} < exp[—(1/3+ o(1))N log N].
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4. POSITIVITY ON EXPLICIT SHAPE FAMILIES

Theorem 1.2 is a statement about typical shapes. This section proves the conjecture outright
on explicit families, using the exact conditional means and variances. The means of T and Sy
are explicit character values, and for fixed a their variances are O(b3) (Theorem B.4). Whenever
a shape family separates each mean from the opposite support endpoint by order b, a one-sided
Chebyshev bound therefore compares the cumulative functions at every degree. Width and height
families have this separation; for other families the same moments locate positive intervals. Write
ra(p) = x*(p1N~1P1) /dy when the specified nontrivial cycle type fits in Sy. In particular, zy = 73(2)
and 7"3\ =r5(27). We omit the index X\ when it is fixed.

Proposition 4.1 (Exact conditional means). For every A\ - ab,

be, c
(4.1) pr =BTy = 2 (1= a) + (1 =72,
(4.2) ps =ES\ = %(1—3@\)4‘%}(1—7‘2)-
Also
(4.3) Ty = M

CN
The proof is in Appendix B.2.
Write 0% and 0% for the variances of T\ and Sy. They have explicit character expressions
(Theorem B.2), and the uniform estimate (B.8) gives orog < 4a®b® for b > a > 2.

4.1. Support and moment criteria. Support bounds settle thresholds outside the overlap of the
two degree distributions. For a partition A, define

(4.4) ) =3 | | x

st m

Recall Dy = bcy + ¢.

Theorem 4.2 (Support bounds). For every At ab,
m(A) < Th < Dy —mp(N),
na(A) < Sy < acy + ¢q — na(XN).

The proof is in Appendix C.1.
Fusion and a one-variable expansion sharpen the upper bounds when the first row is long.

Corollary 4.3 (Upper support from the shape). For A\ N = ab of depth r = N — A\q,
Ty, Sy < min{cy —n(X\), r(a+b—2)}.

If r < a <b, the second bound can be decreased to r(a+b—2) — ¢,. At every integer cutoff at or
above any of these common upper bounds, [qkS)\]Fa,b =0.

The proof is in Appendix C.1. For A = (N —r,v), ey —n(X) = Nr—r(r+1)/2 —n(v). At fixed
a,r, the depth bound confines nonzero coefficients to degrees of order b.

Set Ly = 14(\) and

Uy = min{D; —np(\), ey —n(N), r(a+b—2)}, r=N— ;.

If Ly > Uy, every coefficient of [s)]F,; is nonnegative by support separation. Otherwise only the
integer thresholds Ly < k < Uy, need comparison.
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4.1.1. A one-sided probability test. Within the support overlap, the product of the two margins
from the means controls the cumulative comparison.

Lemma 4.4 (A Cantelli comparison). Let T, S have means pr, pus and standard deviations or,o0g.
If ur < k < pg, then

(k — pr)?*(ps — k) — 0F0%

(0F + (k — ur)?) (0% + (us — k)?)
For integer-valued T, S and integer k, k — pr in this formula may be replaced by k+ 1 — pr, provided
both displayed margins are positive.

P(T < k) — P(S < k) >

Proof. For a centered variable ¢ with variance 02 and s > 0, Markov’s inequality applied to
(€ +0?/5)? on {€ > s} gives P(&€ > s5) < 0?/(0? + s%). Apply this inequality to the upper tail of
T and the lower tail of S. Subtracting both bounds from one gives the stated expression. For
integer-valued T', {T > k} = {T > k + 1}, giving the stated lattice improvement. O

The exact variances in Theorem B.2 give a rational criterion. For an integer k with £+ 1 > ur
and k < ug,
2
(4.5) (k+1—pr)(ps — k) =005 = [¢"s\]Fup > 0.

A strict inequality gives a strictly positive coefficient; Example C.7 certifies one coefficient inside
a support overlap in this way. The concavity of (k — ur)(us — k) reduces the comparison at all
degrees to the two endpoints of the support overlap.

Theorem 4.5 (Complete support—moment comparison). Suppose S > L, T < U, and pr < L <
U<ps. If

(4.6) min{(L — pr)(us — L), (U = pr)(ps —U)} = oros,
then P(T < k) > P(S < k) for every real threshold k. Applied to the laws (2.4), it proves
[SA]Fa,b € N[Q]

Proof. Outside [L, U], the support bounds give the comparison. Inside it, (k — ur)(us — k) is a
concave quadratic, so its minimum occurs at an endpoint. Apply Lemma 4.4. ([l

4.2. Width and height families. A width bound separates the source support from the target
mean by order b%. The conditional standard deviations are O(b3/ 2), so the support-moment criterion
eventually applies at every degree.

Theorem 1.3 (precise form). Fiz integers a > 2 and w > 1. Put
2a/w—14 (=1/w)" b a(l+1/w)—2
g — —_ — .

4 ’ 4
If g,h > 0, define
2(cq +2 1) 2(cq 1) 16a®
(4.7) Bla,w) = ’Vmax{a,él, (Ca+2a+w+ )’ (c —I—a}j—w—l— )7 GZ H
g g

For every b > B(a,w) and every A ab of width at most w, [s\]Fap € N{q]. In particular, g,h >0
for w <2a—1, and for w < 2a if a is even, so the conclusion holds in these cases.

The proof is in Appendix C.2.
For a = 6, sharper variance bounds give the smaller thresholds of Theorem C.3.
Height bounds give the same separation for families whose first row can grow linearly in b.
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Corollary 4.6 (Complete positivity at large height). Fiz a > 2 and a real h < a. Suppose

h > max{1,\/a/2} ifa is even, h > +\/a ifa is odd.
For all sufficiently large b, depending only on a,h, every X ab with {(X) > hb satisfies [s\|Fop €
Nlq].

The proof is in Appendix C.2. For a = 6, Theorem C.3 gives the explicit range b > 10240 and
(X)) > [7b/4].

4.3. Positive intervals on general shapes. Overlapping supports can still leave a middle interval
where the target cumulative probability is near one and the source cumulative probability is near
Z€ro.

Theorem 4.7 (A conditional macroscopic interval). Fiz a > 2 and let Ay - ab have x), — x < 1. If

11—z a(l —x) 9
T<U<T7 kb/b —>'U/,
then B}
[q"sx, ] Fap
dy,

In particular these coefficients are positive for all sufficiently large b.
Proof. Equations (4.1)-(4.2) and (B.6) give ur/b*> — (1 — 2%)/4 and us/b*> — a(l — x)/4. The

variance bound divided by b* tends to zero. Hence the first cumulative probability in (2.5) tends to
one and the second to zero. The interval is nonempty because 1 —2% < a(l—z) for -1 <z < 1. O

— 1.

For a = 6, Corollary C.4 gives explicit degree windows and a lower bound d) /2 on the coefficients.
The Cantelli criterion gives strict positivity closer to the means: a margin of order b at one end
suffices because the other margin has order b2, while o705 = O(b%).

Corollary 4.8 (Positive intervals near the conditional means). Fiz a > 2 and let \y - ab satisfy
Ty, — T <1. Put
a(l—z)—1+z 7a(9a +5)
Gal®) 1 ’ o 162

For every ¢ > K, /Gy(x) and all sufficiently large b,

[¢"s3,)Fap >0 whenever [ur +cb] <k < |us — cbl.

Proof. The mean calculation in Theorem 4.7 gives (ugs — pur)/b* — Gq(z) > 0. In (B.7), I(a,b) =
Ou(b), O(a,b)/b> = (9a + 5)/18, and I(b,a)/b> — 7a/9; the source outer term is bounded by ¢, /2.

Hence
agraos

lim sup < K,.
b—o0 b
At each endpoint of the asserted interval, (k + 1 — pur)(us — k)/b> = cGq(z) > K,. By concavity,
the margin product is minimized at an endpoint. The strict form of (4.5) proves the claim. u

For hooks of growing depth, the exact variances of Theorem B.2 replace K, by the limit of
or0g/b® and so sharpen the constant ¢ (Theorem C.5); for a = 6 and the hooks (5b, 1°) the margin
b/5 suffices for all sufficiently large b (Corollary C.6).
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4.4. The whole-shape question. Theorems 1.2 and 1.3 approach the conjecture from two sides,
typical shapes at sampled degrees and every degree on special families. This subsection records
what each side says about an arbitrary shape at every degree. By integrality, a negative coefficient
of [s)]Fyp forces Vy > 1/(2dy). The dimension bound d) < VN is too large to convert the rate
e=N"* into a vanishing bound on the Plancherel probability that a shape has a negative coefficient.

Theorem 1.2 weights each shape by d%\. If instead every shape and degree is counted once, the
support bounds and the exact means still make negative coefficients rare, because every degree
between the target endpoint Dy and the top of the source support carries a strictly positive
coefficient.

Corollary 4.9 (Unweighted count of negative coefficients). For integers 2 < a < b, let B and P be
the numbers of negative and of strictly positive coefficients [qksA]Fa’b, over all A+ ab and all k > 0.

Then B+ P >0 and ( )
2 2a-—1
<min{1, =4 22—
B+P—mm{ et
Proof. Let p(N) be the number of partitions of N. By Theorem 4.2, T\ < Dy, so (2.5) gives
[¢*s)]Fup = dx(1 —P(S) < k)) >0 for k > D,. Hence every negative coefficient has k < D, and
B < p(N)D,. Let my be the largest value of Sy. For D < k < m) the same identity gives a
strictly positive coefficient, and my > g x, so

P> (max—Dy)r =Y psr—p(N)Dy.
AN AN

By (4.3), zy = —x, s0 >y zx = 0, and rg‘ < 1 since it is a normalized character value. Summing
(4.2) over A therefore gives >\ usx > p(N)acy/2. If acy/2 < D, only the bound 1 is claimed.
Otherwise P > p(N)(acp/2 — D4) > 0, and since B < p(N)D, and B/(B + P) increases with B,

B D, 2D, 2  2(a—1)

< = ——.
B+P = Dy + (acy/2 — Dy) ac, @ b—1
Finally, summing (2.5) over k and over A with weights dy gives >, d(ps x — pr,2), which equals
Nl(a—1)(b—1)(b—a)/4 by (4.1), (4.2), and 3, dax*(g9) = 0 for g # 1. This is positive for a < b,
so some coefficient is nonzero and B + P > 0. g

For b = a? the bound is 2/a 4+ 2/(a 4+ 1) < 4N~1/3 50 the negative coefficients are a vanishing
fraction of the nonzero ones as a — oo and b/a — oo. The positive coefficients counted here lie
above the target support, so the sign pattern below D, is untouched.

For general shapes, the moment criteria certify the intervals of Corollary 4.8, and the thresholds
inside the support overlap remain open.

5. THE RECTANGULAR CONJECTURE

Both arguments of Section 3 extend to Bergeron’s rectangular conjecture (Bergeron, 2017,
Conjecture 4), which replaces the inner factor H, by the modified Macdonald polynomial of a
rectangle and so carries a second grading. An equivariant bijection preserving this grading requires
equal multiplicities in each shape and t-degree after forgetting the g-degree. The rectangular
plethysms agree at ¢ = 1, so the matching argument of Section 3 applies within each such fiber, and
the averaged degree laws bound the dimension loss.

Our normalization of the modified Macdonald polynomial is

~ X
H,[X;q,t] = tn(“)t]u [W;q,tl} )
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where J, is the integral Macdonald form. It is the normalization of Bergeron et al. (1999) and
Haiman (2001); see also Macdonald (1995, Chapter VI, (8.1) and (8.3)). In particular H,(X;q,t) =

H,(X;q).
Let r > 1,2 < a < b, and now N = rab. Set
(5.1) T = Hy[Hyry(X; q,1)), S = Hy[Hyry(X:q,1),
LT s .
(5.2) ]-"éjb) == Z c&7i7jsAqktj

1-¢ Mg
(r)

Schur positivity of F, ;' is the rectangular conjecture for this pair of rectangles. By Haiman’s n!

theorem (Haiman, 2001), H . is the bigraded character of a module that is regular when the grading
is forgotten, so both numerators have nonnegative multiplicities. The specializations (Bergeron,
2017, §2, equations (13) and (16)) give

(5.3) H(ar)(XJ,t) H,(X;t)?, Hiry(X3¢,1) = Ho(X;q)"

Thus 7" (1,t) = SO(1,t) = H.(X;t).
For each Shape and t-degree, the multiplicities in (5.1) therefore have the same total over all
q-degrees,
m)\’j = [S)\tJ]Hr(X;t)ab, Zm)\,j = d)\.

Define ")
su —C " -
D) = Bkt Corglt A E,D{),.

a7
mA,j

dxmy

N! 7
Fibers with m) ; = 0 have probability zero, and we set their defect to zero. The shape marginal of
w is Ply.

Theorem 5.1 (A comparison keeping the second grading). The two bigraded modules with characters

(r)

(5.1) have bigraded submodules of common normalized codimension A, b’ with an equivariant
isomorphism that preserves t-degree and the increasing q-filtration, and the divided difference of
their characters is Schur positive over N|q,t]. This codimension is optimal, and so is the failure
probability of the corresponding optimal coupling that preserves the shape and the t-degree. Moreover,

(5.4) A" < 2exp (—N(b_a)z> .

At fized a,b,r, A((;g = 0 is equivalent to every coefficient of (5.2) being nonnegative.

Proof. Apply Proposition 3.3 separately within each (), j) fiber. The unmatched multiplicity
is m)\,jDE\T;., an integer. Matching a pair of g-degrees # < y contributes s)t/(¢* + --- + ¢¥1).
Proposition 3.3 gives optimality.

By (5.3), the g-degree laws averaged over w are those of

rb ra )
X, = ; MO 4 M, Y, = ; M 4 M,
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Their mean separation and sums of squared uniform widths are
(b—a)(N—a—-0b+1)

d, = 7

4
Qay = 20" 1>6(2a ~1) b 1)6(2b -1)
_ b(b-1)(2b—1)  a(a—1)(2a—1)
QB,T =Tra 5 4 : .

For any cutoff zg, the conditional defect is at most the conditional X, upper tail plus the conditional
Y, lower tail at xzg. Averaging gives

AY) < P(X, > z0) + P(Y; < ).
The optimized Hoeffding cutoff yields the sharper formula

A < 2expy — 2d;
b = (\/ QA,T + AV QB,T)2 .
Since N —a—b+1> N/4 and Qa,, Qp, < Nb?/2, we obtain (5.4). O

The exponent in (5.4) is N(b— a)?/b* = r(a/b)(b — a)?; it grows when b — a or r does.

The target support also controls sampled signs over the full g-degree range. Sample (A, J) with
law w, and then sample a g-degree K from its target or source multiplicity with equal probabilities.
This law is the bigraded Plancherel mixture.

Corollary 5.2 (A support bound for bigraded signs). Put D, = rbc, + ¢y, n» = P(Y, < D,), and
M, =ra(b— 1)+ a— 1. For the bigraded Plancherel mizture,

max{IP(cx)KJ < 0), A((;:b} <7, < min {1,

(Dr+]\]4\{r_1) } |

(bh)real

M,
N < min{l, |:€2 (a + 1)] }
b ra

If b > 6a > 18, then n, < e~ 8N/2187 for every r > 1. If b < ra®, ra — oo, and a > 3, then
logn, < —Nlog(ra) + O(N).

In particular, at fized a > 3 and b < ra® the last bound gives 1, < exp[—(1/2 + o(1))N log N] as
T — 00.

Fora > 3,

The proof is in Appendix A.3.
For rectangles with r fixed and b — a bounded, a decaying bound would need estimates after
conditioning on the t-degree, which neither specialization supplies.

Al USAGE

The results in this paper were developed through extensive use of Al assistants in sustained mathe-
matical discussion, including failed attempts, counterexamples, audits, and repairs. Al assistants also
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APPENDIX A. CHARACTER AND SUPPORT ESTIMATES FOR PROBABILISTIC POSITIVITY

The proof of Theorem 1.2 in Section 3.3 needs the character corrections to be small relative to
the averaged cumulative gap, and that gap can itself be small. An absolute error bound would
erase it, so every estimate in this appendix keeps the degree density as a factor when summing the
character corrections. The support tails of Section 3.4 are proved at the end.
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Lemma A.1 (Three distribution-free facts). Let P,Q be finitely supported integer probability laws,
and put g = Fp — Fg, E ={k : g(k) <0}, and D = supy(—g(k))+. For any real t,

(A1) P(E) <1 Fp(t) + Fot)
(A.2) D < Q).

For any real L < R, if g(k) < 0 for an integer k € [L, R], then
(A.3) (1-Fp(L))+ Fg(R) > 1.

Proof. The part of P(E) above ¢ is at most 1 — Fp(t). On the remaining part, Fp(K) < Fo(K) <
Fg(t). For K ~ P, P(Fp(K) < x) < x, which proves (A.1).

For (A.2), suppose D > 0, and take k, with g(k.) = —D. Let j < k, be the last cutoff where
g(7) > 0, allowing the formal initial cutoff before the support. Every j < ¢ < k, belongs to F, and

D <g() =gk = > (Q{€} = P{f}) < Q(E).
j<t<ks
Finally, throughout [L, R|, g(k) > Fp(L) — Fo(R), which proves (A.3). O

In particular, (A.2) implies D) < 2V}, so the bounds on D) in Section 3 follow from those on V).

A.1l. Growing character moments and a uniform spectral remainder. The cutoff grows

with N, so estimates for fixed conjugacy classes do not suffice. Plancherel moments control the

retained classes, while wreath-subgroup intersection bounds control the residual R, of Section 3.3.
A reduced cycle type v = (v1,...,1y) has parts at least two. Write

s =y, T:Z(Vi—l)zs—f, z,,:Hjmjmj!,
i §>2
where m; is the number of parts equal to j; we call r the index of v. Thus r +1 < s < 27, and
the class O, of Sy of type v17¥~% has size |C,| = (N)s/2,, where (N)g = N(N —1)--- (N — s+ 1).
The normalized character is p,(\) = x*(v, 1V7%)/dy. There are at most 2" reduced types of index
r, because subtracting one from each part identifies them with partitions of 7.

Lemma A.2 (A character-moment bound with growing parameters). For integers p > 1 with
s < N/2 and ps < N,

| 2o (piyy < (Ty/DS) N2,

If these conditions hold for all r < m, then, except on an event of probability at most 4 - 1677,
simultaneously for all such types,

(A4) pu(M)] < (14/p5)*N~/2.

Proof. The Plancherel even moment is the coefficient of the identity in the 2p-th power of the class
sum, divided by |C,|?P. Every label in an identity-product tuple occurs in at least two supports. If
only one factor moved a label, preceding factors would fix it and later factors could not return its
image to that label, by bijectivity. The union of supports therefore has size at most M = ps.

On a fixed set of j labels there are (j)s/z, permutations of reduced type v. Dropping the
identity-product constraint after restricting the union, and cancelling the centralizer factors, gives

Ny -2M
Epr < ngM (j)]
S O\ k¢
For j < M < N, set h =M — j. The elementary factorial bound gives

NI j2M , .
< MNIP2M=J < MNM M A/ N < M NM M

Vi
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There are at most M -+ 1 summands. Taking 2p-th roots, using (N)s > (N/2)% and (M +1)"/(?P) < 25,
yields (4\/5\/]%)5N*s/2, which is less than the stated bound.

Markov’s inequality gives failure probability at most 272P% for an individual type in (A.4).
Summing by index and using s > r + 1 bounds the total by >~ 2r9=2p(r+1) < 4.167P. This
probability bound is independent of the cutoff m. O

Lemma A.3 (A centralizer bound). There is an absolute constant Cy such that
s/2

—Cor S
)

< cprrl,
r

2y > ste
Proof. The number ¢!/ [1; m;! counts orderings of the positive parts v; —1 and is at most the number
of compositions of r, hence at most 2". Thus z, > ¢!/2". Since £log(s/¢) = {log(1 + r/¢) < r and
(<7, )27 > (0)e)'27" > ste=(H19e2)r Since 5/2 — £ =1 — 5/2 > 0 and s < 2r, the second bound
follows after adjusting the absolute constant. O

The index ind(g) of a permutation g is the sum of its nontrivial cycle lengths minus the number
of those cycles, so a permutation of reduced type v has index r. For H = W, , C Sy, put

>~ N H|
Ym(H) = max ——(5——
m( ) ind(g)>m |gSN|
Lemma A.4 (A fixed-point-ratio bound for wreath products). If u >v > 2, N =uv, and m > 1
is an integer with 2m < N, then
u—1

(A-5) ’Ym(H) < (N—Zm—i—l

For m < N/4, the first term is at most v-™exp(Cm?/N). The same bounds hold when v < 2u,
with an absolute adjustment of the coefficient of u?2™%. If r < u, then additionally

IC, N H]
1Cy|

Proof. The class intersection ratio is the probability that a fixed permutation preserves a uniformly
random partition into v blocks of size u. We may order the blocks without changing the probability.

If every block is fixed individually, choose m edges in a spanning forest of the permutation’s
cycles. Expose roots, then new child vertices in turn. At most 2m labels are exposed. Given
the blocks of exposed labels, each required child joins its parent’s block with probability at most
(u—1)/(N —2m+ 1). The probability that every block is fixed is at most the first term of (A.5).

If the induced permutation of blocks is nonidentity and v > 3, then gB; = B; for some i # j.
Conditional on B;, B; is a uniform wu-subset of its complement. The probability is either zero or

(N;“)il. A union bound gives v(v —1)/(N ") < v?27%, since N —u > 2u and (**) > 2%. For v = 2,
swapping the blocks requires every permutation cycle to have even length. There are at most 2%
alternating two-colorings among (2;‘) balanced colorings. This probability is at most (2u + 1)27%.
For v < 2u these bounds are still O(u?27%).

Finally, a nonidentity block permutation moves at least 2u labels and has index at least u. A
type of index r < u can therefore occur only in the base subgroup. Apply the same forest argument

to all its » edges. The exponential forms follow from (1 — (2m — 1)/N)~™ < exp(Cm?/N). O

m
) + 4u227v,

(A.6) < v "exp(Cr?/N) (2r < N/2).

Lemma A.5 (Spectral projections and the residual). The conditional degree laws of M, , are the
normalized traces of orthogonal degree projections Py, € C[W,, ] on each Sn-irreducible. For any
y € C[W,], discard from its normalized character expansion every class of index below m, including
the identity, and denote the remaining function of X by Ry (y; A). Then

(A7) EPIN’Rm(QS A)|2 < 'Ym(Wu,v) T(y*y)v
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where T 1is normalized reqular trace. In particular the last factor is at most one for a cumulative or
tail degree projection.

Proof. Transport the orthogonal graded decomposition of the regular W, ,-module RS" ® R, to its
group algebra by an equivariant unitary isomorphism. Its projections commute with the left action
and hence belong to the right group algebra. Inducing to Sy gives the stated trace interpretation
on multiplicity spaces.
Write y = > cp tgg. Column orthogonality gives
N 1 C=D

Ep1ypc(M)pp(A) = {]C| )
Here the classes of Sy are inverse-closed. Cauchy—Schwarz on each class therefore bounds the
residual second moment by

’ E cCnNH t9|2 *
S I <qu(H) Y ol = 1 (H)T(0'D)
ind(C)>m geH
The argument uses sums over global conjugacy classes and does not require the degree projector to
be central. 0

For a fixed cutoff &, let ¢, (k) be the coefficient of p,(\) in the normalized character expansion of
the cumulative projection. Let Z have generating function (3.4) and mass py.

Lemma A.6 (Exact cycle factors). Suppose r < u and set t, = |C, N Wy, ,|. There is a probability
law W, with

J4
(A.8) Z LW, +3 Uy,
=1

all summands on the right independent, provided s < u. For the cumulative projection,
[Z7R——
(A.9) oy (k) = oY Yo, (k). Vf(k) = f(k) - f(k—1).

The corresponding tail coefficient is —¢, (k).

Proof. Such a permutation belongs to the base subgroup. Dividing its graded trace by the identity
trace in (2.1) gives (1 — ¢)"/[[;[vi]q- Summing the group-algebra coefficients over a global class
equals the sum of the graded traces over its intersection with the subgroup, divided by the subgroup
order. Thus its mass coefficient has generating function

(1—q)
tyGupw(q) =
st )Hi[Vi]q
We justify the positive factorization, including repeated cycles. Sort v; > --- > vy. At stage i,
select an unused multiple L; from v;,2v;, ..., iv;. At most ¢ — 1 choices were used, and iv; < s. The

selected lengths are distinct and at most s < u, so all their uniform factors are available in a single
inner block. If L; = d,v;, factor Ur,_; 4 Uy,—1 + vUg,—1. These factorizations prove (A.8); the
remaining dilated uniform factors are positive convolution kernels. As EqY»i-1 = [Vi]q/Vi, the mass
coefficient is t, V' pw, / I]; vi. Cumulative summation proves (A.9). The total of a nonidentity class
coefficient is zero, giving the tail statement. O
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A.2. Relative smoothing on a growing moderate window. The retained class corrections
are finite differences of the averaged law (Lemma A.6). To compare them with the density pz on a
moderate-deviation window, we tilt Z to the window and use the log-concavity of the tilted uniform
factors.

Assume v < 2u, u,v > 2, N = wv, and put ¢ = uv/N. Then VarZ < o2, every underlying
uniform has width at most 2u, and o > N//2. The comparison constants may depend on a fixed
window multiplier L, but not on the block sizes.

Lemma A.7 (Tilted point probabilities and tails). Let z > 1 with z = o(v/N). For integers
satisfying |k — EZ| < Loz, exponential tilting of Z to mean k, with parameter 0, gives

(A.10) 0k| < Crz/o, Varg, Z = o2,
(A.11) crote ™0 < pa(k) < Crote ), I(k) < Cp2?,

where I is the Legendre transform of logEe®?, and |I'(x)| < Crz/o in this window. Probabilities
at points within distance co /(1 + z) of each other are consequently comparable, after enlarging the
window multiplier by a fired amount.

Ifky = [EZ + Loz| and 2%/log N — oo, then for some Bp,cp > 0,

(A.12) e Bl <P(Z > k) <Cre~t®,  P(Z>ky)>cp—0

ki).
1+zpz( +)

Proof. Put 1(0) = logEe??. A uniform coordinate of width w < 2u has tilted point probabilities
between e~ ?l and ¢!?l times its original probabilities. The identity Var U = sE(U = U")?, with
U’ an independent copy, therefore bounds its tilted variance between e=2*?l Var U and %1l Var U.
For fixed A, the condition z = o(v/N) gives 2uAz/o = o(1), so co? < ¢"(#) < Co? uniformly on
|0] < Az/o. Choose A = Ay, so that cA > L. Integrating this lower bound shows that ¢’ at the two
endpoints brackets every k in the stated window. Its strict monotonicity gives the mean-setting tilt
and (A.10). Since I'(z) = 6., integration from EZ proves the bounds on I.

Each tilted uniform is discrete log-concave, and convolution preserves this property (Bobkov
et al., 2021, Corollary 4.3). At an integer mean k, any such law p satisfies

(A.13) p(k) > {2me(Var(p) +1/12)}~1/2,

Indeed, the piecewise linear interpolation of logp is concave, so Jensen gives logp(k) > —H(p).
Adding an independent uniform variable on [—1/2,1/2] gives differential entropy H(p) and variance
Var(p) + 1/12; the Gaussian entropy upper bound proves (A.13). The upper bound maxp <
2/y/1+ 4 Var(p) is the discrete log-concave maximal-atom bound (Bobkov et al., 2021, Theorem
1.1). Undoing the tilt proves (A.11).

The derivative bound on I proves comparison over intervals of length co/(1 4 z). Sum over
an interval immediately to the right of ky to obtain the last inequality in (A.12) and the lower
exponential bound. Polynomial factors are absorbed using log N = o(z?). The upper bound is
Hoeffding’s inequality, since the sum of squared uniform widths is O(o?). O

Lemma A.8 (Growing finite differences, relative to the density). Suppose r < m, 2m < u,
m = o(N), m®> = o(c?), and zm/o = o(1). For W, in (A.8), uniformly on the window of
Lemma A.7,

V" pw, (k)| Covr+2)\
S k) SO ()

The constant C, depends only on L.

Proof. In the extraction of Lemma A.6, each altered factor has length at most s < 2r, and there
are at most 7 of them. Discarding those factors loses O(r?®) variance. The untouched ordinary
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uniform factors retain total variance V =< ¢2, also under the mean-setting tilt of Z. Their largest
individual variance A is O(u?), so rA/V = O(r/N) = o(1). For sufficiently large N, A < V/(2r).
Accumulate factors until their variance first reaches V/(2r), and repeat r times. Each group has
variance between V/(2r) and V/r; after fewer than r groups, at least V/r remains available. Unused
factors form a positive convolution kernel.

Every tilted group law is log-concave and has maximal mass at most Cy/r/o. For a unimodal
probability mass function p, ||[Vp|l1 = 2max p. Distribute finite differences among distinct groups
and retain one group in supremum norm. Positive convolution by the leftover factors cannot increase
either norm. Thus, for 0 < j <r — 1, the tilted W, law satisfies ||V/pw, gllocc < (C/7/0)T1. This
step uses only positivity of the remaining dilated factors, not log-concavity.

Write My (0) = Ee®™v and Mz (#) = Ee?, and let Sf(k) = f(k — 1). Undoing the tilt at § = 6,
gives

V' pw, (k) My (0) (I —€S) pw, o(k)
pz(k)  Mzf)  pze(k)
The independent deleted summand in (A.8) lies in [0,7], so My /My < el" = O(1). Expand
I—¢’S = (I—-8)+(1—¢%S and apply the preceding norm bounds. Since pz (k) > ¢/o by (A.13),

the quotient is at most
r—1
C
Cy/'r ( VT +C |0\> .

g

The bound |6| < Crz/o proves (A.14). O
Proposition A.9 (Summing the retained classes at the endpoint scale). Set
z=eNYS, p=[2?], m = [T2%],

with fired T' > 1 and fized ¢ > 0. Suppose a nonnegative reference function J(k) satisfies J(k) >
cropz(k)/(1+ z) on a moderate window of multiplier L. On the character event (A.4), the sum of
the absolute class corrections of indices 1 < r < m, relative to J(k), is at most

m—1

(A.15) Z (CF’L€3)T .

r=1
The bound holds uniformly on the window for all sufficiently large N, and the exceptional shape
probability is at most 4 - 167P.

Proof. For these scales, ps = O(N?/3) < N, s < 2m < N/2, and 2m < u eventually. All hypotheses
of Lemma A.8 hold: m? = O(N) = o(0?) and zm/o = O(N~1/?).
Combine (A.9), (A.6), (A.4), and (A.14). Keeping the centralizer in |C,| = (N)s/z, < N*/z,
gives the relative bound
—or S SS T
N2 (5 )

We used vo = N3/%; the factor /r(1 + 2)/(\/7 + 2) is at most 2/r and is absorbed in C%. The
factor exp(C7?/N) is uniformly bounded. Set h = r — s/2 > 0. By Lemma A.3, the bound becomes

Crp(vr +2) T(r)h
VN Np) -
Since r < m = O(T'p), the last factor is at most one eventually. Also p = O(z?) and /7 +z = Or(2),

so the first base is at most Cr, 123/VN = Cr, re3. Absorb the at most 2" types of index 7 into the
same constant and sum. Lemma A.2 gives the exceptional probability. ([l

/2
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A.2.1. Order of the constants. The proof of Theorem 1.2 in Section 3.3 fixes its constants in this
order: the endpoint multiplier L = 1 and the constant B in (3.8); then Q for (3.10), with Ly and
the window constants for close means; then I" with I'log2 > 2B + 10; finally an absolute € > 0 so
small that each geometric series in (A.15), for both uses, has the required sum, which is possible
because the constants in these series depend only on I', 2, Lg. The close residual has an extra log N
in its exponent and absorbs every fixed Bq 1.

With these fixed choices, all necessary growth conditions hold:

ps = O(N?3) < N, m=O(N'3) < u/2, m?/N = o(1),
m? = O(N) = o(c?), zm/jo = o(1).

Both regimes have failure at most Ce_czz, and 22 = ¢2N'/3. Absorb the fixed factor 2 into ¢ to
obtain Theorem 1.2.

A.3. Support tails. The tails in Theorem 3.8 and Corollary 5.2 are tails of sums of independent
uniform coordinates, so Hoeffding’s inequality and tuple counting suffice.

Proof of Theorem 3.8. The tensor description of M,; gives Ty < D, for every A\. Hence the
negative-cutoff set E\ = {k : Fr (k) < Fs(k)} lies below D,. If it is nonempty, its largest element
k. satisfies

P(T\ € Ex) < Fra(ks) < Fsa(ks) < Ry.
Also P(Sy € E)) < Ry, and the cumulative defect at any negative cutoff is at most Ry. These
bounds prove (3.11); the case E) = ) is immediate. Averaging, Markov’s inequality, and the two
uniform bounds in Theorems 1.2 and 3.4 give (3.12)—(3.13).

For the explicit comparison, delete every source copy of S* whose degree is below D, and delete
the same number of arbitrary homogeneous target copies. The remaining source degrees are at least
D, and the target degrees at most D. Matching within each A therefore preserves the filtration.
The common dimension loss divided by N!is ERy = 1qp. g

The generating function (3.4) gives

D1
> 1@ 1([b]eh) aly!
j=0

lasb = (b))l
An empty sum is zero. For N > 2, define

(a—2)b(b—1)— (2b—1)a(a —1)
4 )
ab(b—1)(2b—1)+ala—1)(2a — 1)
Qy = G .
Here @y sums the squared widths of the independent uniform variables forming Y.

§=EY — D, =

Proposition A.10 (Explicit scalar bounds). For 1 <a <b and N = ab > 2,

(A.16) Nap < €xp (—2(5 i 1)1> ,
’ Qy
(A.17) < min{1 LW 5
‘ Mlap = Tl [

Proof. The strict cutoff is Y < D, — 1. If § + 1 > 0, Hoeffding’s inequality Hoeffding (1963) gives
(A.16); otherwise the bound is one. There are exactly a(b— 1)+ (a — 1) = N — 1 nontrivial uniform
coordinates. Each point in their product sample space has probability 1/((b!)%a!). Dropping the
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upper coordinate bounds leaves (D +]\J{ _]\272) nonnegative integer tuples whose sum is at most Dy — 1,

proving (A.17). O

Proof of Corollary 3.9. For a < b, the inequality (a —1)(2a — 1) < 2a% < 3b? — b gives Qy < Nb?/3.
For a > 3, the normalized gap is

0 _1(1 2 2a—1—2/a+a—1)
Nb 4 a b v o)

Its derivative in b > a is positive. At b = 6a it equals 1/6 — 65/(144a) + 11/(144a?), which increases

for a > 3 and takes the value 2/81 at a = 3. Thus § > 2Nb/81 in the stated range, and (A.16) gives

26%/Qy > 8N/2187.

For the entropy estimate put n = Dy + N — 2 and k = N — 1. The bounds (}) < (en/k)" and

j' = (j/e)’ imply
Q) (en) e (@)
(bhea! = \ bk ba® — \ b ’

where the last step uses b > a > 3 > e. Also
D++N—2<2DJr 1 a 1 1

b(N—-1) — bN LR AT

For the first inequality, clearing the positive denominators leaves D4 (N — 2) + N > 0. The last
two displays prove (3.14). Since a/b+ 1/a < 2/m., lognap < —(N — 1) logm. + (N — 1) log(2€?).
If b < a?, then N = a® and logm, = (1/3)log N + O(1), proving (3.15). O

The restriction a > 3 is necessary: for a =2, § = 1/2 — b and (A.16) gives no decay, while for
a=3,8=(b®>—13b+ 6)/4 and the strict-cutoff Hoeffding bound is less than one precisely for
integers b > 13.

Nonnegative multiplicities make the support bound at ¢ = 1 valid in each t-degree.

Proof of Corollary 5.2. By (5.3), T"(X;q,1) = Hy[H,(X;q)"] has ¢-degree at most D, = 7bcg + .
Since all bigraded Schur multiplicities are nonnegative, each target (), 7) fiber has the same support
bound. Apply the proof of Theorem 3.8 in that fiber: both its conditional sign-failure mass and its
cumulative defect are bounded by its source probability of degree below D,.. Averaging with w gives
the bound by 7,.

The independent-uniform representation of Y, has M, nontrivial coordinates and (b!)"*a! equiprob-
able outcomes. Dropping the upper coordinate bounds leaves (D T?g/frl) nonnegative integer tuples
with sum at most D, — 1, proving the counting bound. Write M = M,.. The binomial and factorial
bounds give

M era—i—l

O [+ M)

(bh)raeal bM
For a > 3, the last factor is at most (e/a)™**t < 1. Also M > N/2 and D, = N(a—1)/2+b(b—1)/2 <
(a —1)M +bM/(ra). Thus (D, + M)/(bM) < a/b+ 1/(ra), proving the entropy bound.

For the exponential bound, let §, = EY;. — D,.. Directly,

0 b—2a+1 2b(b—1)—ala—1)

Nb  4b 4rab?
This expression increases with » > 1. The r = 1 calculation in Corollary 3.9 therefore gives
0, > 2Nb/81 when b > 6a > 18. The squared-width sum satisfies Qp, < rQp1 < Nb?/3.
Hoeffding’s inequality at the strict cutoff D, — 1 yields

2(0, +1)? < ¢—SN/218T
QB,T

bra—a—i—l a® :

Ny < €xp <_
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Finally, if b < ra® and ra — oo, then a/b+ 1/(ra) < 1/(ra) and (N — M,)log(ra) = O(N). The
entropy bound gives logn, < —Nlog(ra) + O(N). At fixed a, N = rab < r2a3, so log(ra) =
2log N + O(1). O

APPENDIX B. SPECTRAL REALIZATION AND CONDITIONAL MOMENTS

Section 4 uses the exact conditional means and variances of T and S, and its width and height
families need variances of order b® uniformly in the shape. Expanding the plethysms gives neither.
Instead, a Hermitian element of the group algebra realizes each grading on the irreducible spaces,
and conjugation averages turn its moments into character values, which can be bounded uniformly.

B.1. Operators on irreducible spaces. The fake-degree polynomial of S in R, is f¥(q) =
2 oTESYT() ¢ In a unitary Wedderburn decomposition of C[S,], choose a Hermitian element
Zy, € C[S,] whose matrix on S” is diagonal in the Young basis with entries maj(7"). It exists because
C[Sn] = @, End(S¥). Right multiplication by Z, on the regular module has graded Frobenius
character H,, and 0 < Z,, < ¢,/ in every unitary representation.

Embed identical copies of Z, in the b blocks, and embed Z; in the subgroup permuting whole
blocks. Put

b
(Bl) Aa,b = Ka,b + La,b, Kll,b = Z Z((zj)> La,b — le)olocks'
j=1

The inner sum is invariant under block permutations, so K, and L,; commute.

Proposition B.1 (Spectral realization). For every A+ N,
(B.2) ux(q) = Trga g, va(g) = Trga g,

Thus Ty, Sy are normalized eigenvalue distributions of explicit Hermitian elements on the same
irreducible space.

Proof. Use the same graded left-module isomorphism R, = C[S,] in every factor, and Ry = C[Sy].
The resulting tensor identification with C[IV, ;] respects outer permutations. Right multiplication
by the sum of the inner Z,’s acts independently of the outer coordinate, because that sum is
invariant under its permutations. Right multiplication by the outer Z; changes only the outer
coordinate. Hence their sum gives the product grading in (2.3). Induction identifies it with right
multiplication by Aqp on C[Sy]. In the bimodule decomposition of the regular representation, the
left S*-multiplicity space is its dual. The right action on that dual has the same eigenvalue multiset
as the chosen Hermitian matrix, proving (B.2). O

B.2. Classical fixed-shape moments and conditional means. Conjugation averaging reduces
the conditional means to the mean and variance of the major index on a random tableau, which are
classical. Let ct(v) = 3 (; jye, (4 — @) be the content sum of v - n, put v, = n(n —1)(2n +5)/72,
and let E, and Var, refer to a uniformly random standard Young tableau of shape v. The hook
formula gives

ey —ct(v ) 1 "o
(B.3) E, maj = 712(), Var, maj = 2 (Z:f — Zhg) < vp.
j=1 cev
These moment identities are due to Adin—Roichman (Adin and Roichman, 2001, Propositions 3.1—
3.2). They follow by taking first and second cumulant derivatives of ¢"*)[n],!/ [T.c,[helq at ¢ = 1.
The last bound uses 3. h2 > n. Averaging Z,, over conjugation by S, (twirling) therefore gives

(B.4) EnZ, = % (CnI - Z(iﬂ) :

1<J
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The normalized squared trace of Z,, — E,, Z,, on each irreducible is at most v,,.

Proof of Proposition /j.1. Twirling preserves normalized traces, so apply (B.4) to the inner and outer
groups. An inner transposition has cycle type 2, and a transposition of two blocks has cycle type 2.
The content eigenvalue of the transposition class sum gives (4.3). ([l

B.3. Exact inner, outer, and mixed moments. To compute the variance of A, ,,, = Ky 4 Lnm
on S, we must retain the conditional covariance of the inner and outer parts. Conjugation averages
that preserve a block swap reduce this covariance to the two cycle types of its product with an inner
transposition. Write 7, = d)_\1 Trgx, and Vary for the variance with respect to 7.

Theorem B.2 (Exact conditional variances). Let n,m > 2, N = nm, and fit A\t N. Write r = r),
take c; from the conventions and v; from (B.3), and put

ajzg(;), @:2@, =), y=r@),

Let K = Ky and L = Ly, be as in (B.1), with identical copies of Z,, on the m blocks, and put
Vik = Vary K, Vi, = Var) L, and Ckp, = \(KL) — 7A\(K)7x(L). Then

Vi = muy, + mayr(3) + <mﬂn + m(m; 1>C%> r(2?) —

2
c
VL = Um + amr(3") + ﬂmr(22") — —myz,

4
Ckr = cn:m ((m —2)r(2") + 2r(4,2772) — mxy) 7
0—721,171()‘) := Var), An,m =Vx +V, +2Ckr.

A term whose combinatorial coefficient is zero is omitted. In particular, there is no need to
evaluate r(3") when m = 2, or r(22") when m < 4. All other displayed cycle types fit in Sn. The
formulas are independent of the choices of Young bases used to define the Z;.

Proof of Theorem B.2. Write E; for conjugation averaging over S;. In the central element Eijz,
the graded regular character gives the coefficient of a permutation g as

1
i (a04)%¥5(9: )|
Indeed, the regular-module realization of Z; gives

ki(giq) = > (W 'g ' hlg” = jllg ' |E;q™ .
hGSj

q=1"

Differentiating twice proves the coeflicient identity. The inverse has the same cycle type, and the
conjugation average depends only on the major-index eigenvalue multiset on each irreducible, not
on its basis.

Put Q;(q) = [4jlq!. Since
(1 —q)i—r)
ki(pia) = Qi(0) "7

! ! Hsep[S]q

a permutation with j —#(p) > 2 contributes zero to this derivative. For cycle types 17, 2,172 3, 1973,
and 22,1774, the second Euler derivatives over j! are c?/4 +v;, —¢j/2, 2/3, and 1/2, respectively.
For the identity, Q);/;! is the probability generating function of a sum of independent uniforms on
{0,...,i—1}, 1 <4 < j. Their means sum to ¢;/2 and their variances sum to v;. For a transposition,
differentiate Q;(¢)(1 — q)/(1 + q). For the last two classes differentiate Q;(¢)(1 — ¢)?/[3], and

Q;(0)(1 —a)*/[2]3.
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Thus, with C, denoting the sum of all permutations of the indicated nontrivial cycle type in S,

1
Eij = i(cjl — CQ),

ez (9 40\ 1- %04 20,4 Lo
1<) — 4 ] 2 2 3 3 2 22.
There are ¢; transpositions, 2(%) three-cycles, and 3(1) double transpositions. Taking normalized

traces gives
2

C2 C
T(ZZ) - Zn + Un — Enx + anr(g) + 6n7a<22)'

Independent averaging over distinct inner blocks ¢, j, whose supports are disjoint, gives

2
Cn

4
Summing the m diagonal terms and m(m — 1) ordered off-diagonal terms, then subtracting
7(K)? = m2c2(1 — )% /4, proves the formula for V. Applying the same one-block second-moment
identity to the outer S, multiplies each cycle length by n, proving the formula for V7.
For the covariance, K is invariant under the block permutation group. Consequently 7(K L) =

(20 70)) =

n n

(1 —2x +7(2%).

T(KE;,L). Let By, exchange blocks u,v. To average ZT(li) while preserving B,,, use arbitrary
conjugation in block i if i ¢ {u,v}, and simultaneous identical conjugation in blocks u,v otherwise.
An inner transposition multiplied by B, has cycle type

2 (i fuw)),  (4,272) (i€ {u,v}).
It follows that
mey, Cn

(K Buy) = ="y — o ((m = 2)r(2") + 2r(4,2"7%)).

Use EnL = (¢l — Yoy Buv)/2, sum over the ¢, block swaps, and subtract 7(K)7(L) =
mencm(l — x)(1 — y)/4 to obtain Ckr. All reductions used conjugation averages and cycle types,
establishing the stated independence from the bases.

0

B.4. Uniform bounds. For fixed a, the operator ranges give only O(b*) variance bounds. Twirling
and approximate factorization of normalized characters on disjoint supports reduce this to O(b%),
uniformly over all shapes, as needed in Section 4.

Lemma B.3 (Disjoint-support factorization). Suppose g,h move w,v points and their disjoint
union fits in Sn. Then, for every irreducible normalized character,
2uv

(B.5) [r(gUh) —r(g)r(h)| < N
Consequently, for j < N/2,
450G —1)

N
Proof. Average h over all conjugates. By Schur’s lemma, its average matrix is r(h)I. A random
conjugate has support meeting that of g with probability at most uv/N, by the union bound. Off
that event the product has the fixed disjoint-union class. Normalized characters have absolute value
at most one, proving (B.5). Apply the estimate successively to j — 1 disjoint transpositions and one
further transposition. The errors sum to 34—} 8h/N = 4;(j — 1)/N. O

(B.6) Iry — 7] <
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For inner size n and outer count m, define

2n —3)  2c2
I(n’m):m<vn+0n<n>+cn>,

4 n
m(2m — 3) n 2nc2,

O(n,m) = vy, + 1 -

Theorem B.4 (A conditional variance bound without a shape cutoff). For n,m > 2, in every
irreducible representation of Spm,

(B.7) Var A, ;m < ( I(n,m)+ min{ O(n,m), C;n}>2

In particular, for b > a > 2,
(B.8) Var Ty, Var Sy < 4a®b®.

Proof of Theorem B.j. Work in a fixed irreducible representation with its normalized trace. Twirling
is orthogonal projection for the Hilbert—Schmidt inner product.

Independent twirling over the m inner groups sends K = Z ( ) to Ky = 2(mcnI Cg),
where Cg is the sum of transpositions in the m disjoint complete graphs on n vertices. Write
Zy U — Z +Dj, where Z is the twirl of Zy 0) and the twirl of Dj is zero. Independent twirling makes
all cross terms D;Dj, 1 7é Jj, vanish in trace. Equation (B.3) bounds the remaining squared traces by
muvy. Orthogonality to the twirled part gives Var K < muv,, + iVar Cg. There are e = mc,, edges,
o =mn(n — 1)(n — 2) ordered pairs of distinct edges sharing one endpoint, and d = e(e — 1) — o
disjoint ordered pairs. Consequently

Var Cg = e(1 — 2°%) + o(r(3) — %) + d(r(2?) — 2?).
The first two parentheses are at most one. The third is at most 8/(nm) by Lemma B.3. Thus

8¢? 8me;,
VarCE§e+0—|—i:mcn(2n—3)—|— mcn’ S0 Var K < I(n,m).
nm n

For the outer operator L = ZEOCkS, twirl over the block group. Its noncentral squared trace is
at most v,,. Its central part is (¢, I — Cp)/2, where Cp sums all swaps of two blocks. There are
e = ¢y, swaps and o = m(m — 1)(m — 2) ordered overlapping pairs. Disjoint swaps move 2n points
each, so their normalized-character covariance is at most 8n?/(nm) = 8n/m. Therefore

} = O(n,m).

If m < 4 there are no disjoint pairs, and the same upper bound follows by retaining the positive
extra term. The range 0 < L < ¢,,1 also gives Var L < ¢2 /4. The triangle inequality for the
centered Hilbert—Schmidt norm proves (B.7).
For the coarse estimate, v, < n3/24 and ¢, < n?/2 imply I(n,m) < mn® and O(n,m) < nm
Hence Var A, ,, < 2mn? + 2nm3. Applying this bound to (n,m) = (a,b) and (b, a) gives (B.8).
O

2
8ncy,

m

1
Var L < v, + 1 {cm(2m -3)+

APPENDIX C. SUPPORT CALCULATIONS AND EXPLICIT SHAPE FAMILIES

The thresholds and intervals stated in Section 4 come with explicit constants, and those constants
come from bounding the two margins in the support—-moment criterion by hand on each shape
family, which is what this appendix does.
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C.1. Support bounds. The lower bounds and the first upper bounds come from the plethystic
alphabet and coinvariant reciprocity; fusion and a one-letter expansion then give the sharper upper
bounds of Corollary 4.3.

Proof of Theorem 4.2. Consider Qg = Hy[Hp]. Since the outer coinvariant degrees are nonnegative,
no constituent occurs earlier than in Hy: indeed, Hy[Hp] = 3", f¥(q)s,[Hp), whereas Hf} contains
every s,[Hp] with positive multiplicity in degree shift zero. Here f”(q) is the fake-degree polynomial
of Section B.1.

Replacing Hy, by hy[X/(1 — q)] = Hp/(g; q)p introduces only additional nonnegative shifts. The
product hyp[X /(1 — q)]* is a multidegree piece of Sym(V ® C* ® C|z]). By the Cauchy identity, the
earliest possible S*V occurs at the minimum degree of s5[1%/(1 — ¢)]. The ordered alphabet has
a letters in degree zero, a in degree one, and so on. Column strictness forces an entry in row ¢ to
be at least the i-th letter. Filling each row with that letter attains 7,()), proving the lower source
bound. Interchange a,b for the target.

Coinvariant reciprocity is ¢ H,(¢~') = wH,, where w is the involution sending sy to sy.
For a homogeneous inner character g of symmetric-function degree a, the power-sum signs give
(wf)wg] = w[(w*™ 1 f)[g]]. Applying these identities to both layers gives

¢+ Pap(g™) = w (T Hy) ()]

The outer character w®t! Hy, still has nonnegative degrees, so the lower-bound argument applied to
its M-coefficient gives the target upper bound; interchanging a, b gives the other one. O

Proof of Corollary 4.3. The fusion theorem (Sra, 2026, Theorem 1.2) makes both (P, —Hn)/(1—q)
and (Qqp — Hn)/(1 — q) Schur positive. Thus the cumulative functions of T, Sy dominate that of
the normalized fake-degree polynomial [sy]Hx/dy. By the g-hook formula, or coinvariant reciprocity,
its largest degree is ¢y — n(\'), which also bounds both conditional supports.

For the depth bound, put Hy = 1; the one-letter expansion is

n
Hylz+Y] =Y m oI H;[Y].
j=0 “Yd4q
It follows by expanding h,[(z +Y)/(1 — ¢)] and using h;[z/(1 — q)] = 2°/(q; q);. The coefficient of
Y-degree j has ¢-degree at most j(n — j) +¢; < j(n —1). Write Hy[z + Y] = 2% + Z. Every term
of Z has positive Y-degree, and its part of Y-degree j has g-degree at most j(a — 1). Expanding

the outer factor gives
b

b _
Hylz" + Z) = [ } z =M [ Z).
[ ] mz::O m), [Z]
Only m < r contributes to Y-degree r. In H,,[Z], the outer grading contributes at most ¢,
and the inner grading at most 7(a — 1): every Adams operation multiplies the inner g-degree
and Y-degree by the same integer. Including the Gaussian factor bounds the total g-degree by
m(b—m)+cm+r(a—1) <r(a+b—2). If \ = (N —r,v), then sy[x + Y] contains 2V ""s,[Y]
with coefficient one. Schur positivity and branching therefore transfer this bound to [s)]Pgp.
Interchanging a, b gives it for Qq . When r < a < b, maximizing mb—m(m+1)/2 over m < r gives
r(a+ b — 2) — ¢, in both orientations. Once both cumulative functions reach one their difference is
zero, proving the cutoff assertion. ]

Lemma C.1 (Shape estimates). Let A+ N.

(1) If \1 < w, then

N2 N cw=N/w
- N-1~
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(2) If L(\) > 1, then

—_

M (A) 2 liti/mJ, zy < 1— m
(3) For all X, =0
n(A) _ (m—1)N < (V) < @

Proof. Under a width cap, each level of m consecutive rows, which share one weight in (4.4), holds
at most mw boxes. Filling the levels in increasing order minimizes 7,,(A) under these capacities,
s0 Nm(A) > N?/(2mw) — N/2. Indeed, if N = mwr + s with 0 < s < mw, the exact minimum
under the capacities is mw r(r — 1)/2 + rs, which exceeds that bound by s(mw — s)/(2mw). Also
S A2 <wN and Zj()\})z > N2 /w; substitute in (4.3). The height lower bound follows by placing
one box in each row. Among partitions of height at least [, the hook (N — [+ 1,1/"!) maximizes the
content sum, because moving a box to a higher row increases that sum and the hook dominates all
such partitions. Its transposition ratio is 1 — 2(I — 1)/(IN — 1). The last pair of inequalities follows
from (1 —1)/m—(m—1)/m < [(i —1)/m]| < (i—1)/m. O

C.2. Width and height thresholds. Both families satisfy the support—-moment criterion (4.6)
once b is large; the two proofs differ only in how they bound the margins.

Proof of Theorem 1.3. Let v = N2 Zj()\;»)Q € [1/w,1]. The content formula gives
2n(N) + N(1 —~) oW

. < = .
(1) O=axtq N(N-1) ~N-1
Since |z|,y < 1, Lemma B.3 implies |r, — (—7)?| < (4(a — 1) + 2w)/b. Define
1—(—y)* a(l+~vy
t(v)—(él r, 8(7):7( 1 )

The exact means give

pr < HVO° + (¢ +a =1+ w/2)b,

ps = s — Y

The second inequality uses r, < 1 and (C.1). Since 2n(\) = N2y — N, Lemma C.1 gives

b.

1
Ly > %bQ —(a=3b Un< 38+ (ca— b

Therefore
2ay — 14 (—)°
4
The leading-coefficient functions are increasing on [0, 1]. Under (4.7), the two gaps are at least gb®/2
and hb?/2. If Ly > Uy, use support separation. Otherwise each endpoint product in (4.6) is at least
ghb*/4, and Theorem B.4 bounds orog by 4a3b?, so the last requirement in (4.7) proves the result.
For odd @ and w < 2a — 1, 2a/w — 1 —w™* > wl—w™®>0when w > 1; at w =1 it is
2a — 2 > 0. For even a, the boundary w = 2a has 4g = (2a)~® > 0. The second coefficient h is
positive in all these cases. O

Ly—pr = b® — (ca + 20+ w + 1)b,

b’ — (ca+a+w+1)b.

Lemma C.1 bounds the source support and mean in terms of height, without restricting width.
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Proof of Corollary 4.6. Put | = [hb] and suppose £(\) > [. Lemma C.1 gives

(l-1) (a—1)1 A%,
Ly> - = —b— Oun(b).
A= 2a a 2a 0 ’h( )
If a is even, (B.6) gives rq > 2§ —4(a — 1)/b > —4(a — 1)/b. The target mean therefore satisfies
pr < b?/4 + O4(b). For odd a, the bound r, > —1 instead gives pur < b?/2 + O,4(b). For the source
mean, 7, < 1 and the height estimate for x, give
ab(b—1)(I—1) _ h 4
> —b" — Ogn(b).
§= T2 —1) T2 ()

Also Uy < Dy = b?/2 + Og4(b). Thus ps — Uy > %lﬁ — Og,1(b), while the leading coefficient of
Ly — pr is at least h%/(2a) — 1/4 for even a and h?/(2a) — 1/2 for odd a. Both gaps are positive
of order b under the stated hypotheses. If Ly > Uy, use support separation. Otherwise each
endpoint product in (4.6) is at least (Ly — ur)(ius — Uy), of order b* uniformly over the shapes.
Since orog < 4a3b?, Theorem 4.5 applies for all sufficiently large b.

The same argument can use the column sizes directly. For fixed a, let A\, - ab and v, =
(ab) =235 (N, ) The shape and mean bounds give

L)\b—,uT>2a'7b_1+x>\b S—U)\b>a(1—x)\b)—2
b2 - 4 b2 - 4
Consequently, positive lower limits of both displayed leading terms suffice for complete positivity,
without a width or height cutoff.

— 0,07, — Og(b71).

C.3. Sixth-power families. At a = 6 the uniform variance bound of Theorem B.4 is too crude for
the thresholds in Theorem C.3, so we first sharpen it.

Corollary C.2 (Variance bounds for the sixth power). For a = 6, the sharper bounds

(02) vV Var T)\ < BT =\ 7= 695 \/ fz

(C.3) v/ Var S\ < Bg(b 1/—b3 + 5
hold for every X\ - 6b. For b > 32, each variance is at most 5b>.

Proof. For n = 6, direct simplification gives I(6,b) = 522b, O(6,b) < 203, and I(b,6) < (14/3)b>.
Use the range bound c¢g/2 = 15/2 for the source outer term. Then (B.7) gives (C.2)—(C.3). For
b > 32, Bp(b)/b%/? < 11/32 4+ 11/6 = 209/96 < /5, while Bg(b)/b%/? < 13/6 +1/24 = 53/24 < /5.
The inequality 15/(2b%2) < 1/24 follows from 323 > 1802. O

For a = 6, define M, = (b* + 79b — 20)/4 and U, = (b + 29b)/2. The exact means and (B.6)
imply pr < M, and Ty < Uy. Indeed rg > 2% —20/b > —20/b and 1 — 2 < 2. With Corollary C.2,
these bounds give smaller thresholds than (4.7).

Theorem C.3 (The explicit ranges). For A F 6b, each condition below implies [s)]Fsp, € N[q|:

shape condition ‘ sufficient range

A <6 b > 120
A <11 b > 1200
(A >2b+1 b > 350

0N > [7b/4] | b > 10240,
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Proof. For width at most w, Lemma C.1 gives Sy > Ly := 3b?/w — 3b. When 6b > w?, the same
lemma gives x < 0, so ug > my := 3b(b— 1)/2. For an overlapping support interval, the endpoint
products in Theorem 4.5 are at least (Ly — My)(my, — Ly) and (Up — Mp)(my, — Uy).

If w =6 and b > 120, then Ly — M, = (b*> — 91b + 20)/4 > 29b/4 and my, — Ly, = b* + 3b/2, whose
product exceeds 5b%. Also Uy — M > b?/8 and my — U, > b?/2, so the other product is at least
bt /16 > 5b3.

If w =11 and b > 1200, then Ly — My = (b*> — 1001b + 220) /44 > 199b/44 and my, — Ly > 27b% /22,
whose product is at least (5373/968)b% > 5b3. The same upper-endpoint estimate applies. The
support-moment theorem and (C.2)—(C.3) prove both width assertions.

Now suppose £(A\) > 2b+ 1. Then Sy > L; := (4b*> — 8b — 5)/12 by summing |i/6] > (i — 5)/6
for 0 < i < 2b. Also x < 1—4b/(6b—1) < 1/3, hence pug > my := b(b — 1). For b > 350,
Ly— My, = (b?—245b+55)/12 > 35b/4 and my, — Ly, > 3b% /5, whose product is at least (21/4)b3 > 5b3.
At the other endpoint, U, — M > b?/8 and my, — Uy, > b? /4. Their product is at least b*/32 > 5b3.
Theorem 4.5 applies again, and disjoint relaxed supports give the result directly.

Finally suppose £(\) > [7b/4]. The height estimate in Lemma C.1 and pur < M;, < b?/4+20b give
Ly — pr > b%/192 —1037b/48 > b% /384 for b > 8296. The source mean is at least (b—1)(7b/4—1)/2,
so g — Uy > 3b?/8 — 127b/8 > 3b%/16 for b > 85. If the supports overlap, both endpoint products
are at least b*/2048 > 5b% for b > 10240. Corollary C.2 and Theorem 4.5 prove the last assertion;
disjoint supports again give it directly. O

For a = 6, Chebyshev’s inequality and the exact means give an effective form of Theorem 4.7.

Corollary C.4 (A uniform sixth-power interval). Let 0 < e < 1/2, b > 1280e~*, and \ - 6b satisfy
A1 < (1 —¢€)6b. Every integer k with ur + e26%/8 < k < ug + £2b%/4 satisfies [q"s)|Fop > dy/2.

Proof. The elementary estimate x < (A —1)/(/N — 1) implies 1 — x > ¢. From the exact means
and |rg — 25 < 20/b, ps — pr > 3b(b — 1)(1 — x)2 — 20b > 1<%? in the stated range. Here
29 —6x +5=(1—-2)%[3+ (1 + 2)%(2? + 2)]. Chebyshev’s inequality in (2.5), with the variance
bound 8b3, gives a total error at most 640/(s*b) < 1/2, which proves the claim. O

C.4. Hooks of growing depth. Hook characters have the closed form below, so for hooks the
exact variances of Theorem B.2 can be evaluated and sharpen the constant in the order-b margins
of Corollary 4.8. The exterior powers of the standard representation give the hook characters:

(04) jg:l X(Nfryl’“)(g)zr _ HCGCyC(g)(l - (_Z)|C|) '
r=0

1+ 2z

Theorem C.5 (Hook intervals from exact variances). Fix a > 2, let ry/(ab) — p € (0,1), and set
Ay = (ab — 1y, 17). Write
a(l—x)—1+2°

r=1-2p, z=p(1-p), G= ) > 0,
2 :1:211 CLZ.’L‘2Q_2
Calp) = 55 +5(1=32)" = 7
Then the exact conditional variances satisfy
VarT), Var S), az
— C L — —.

Consequently, for every constant ¢ > /Cq(p)az/12/G, the degree ky, = [ur(N\y) + cb] has
[qka)\b]Fmb > 0 for all sufficiently large b. The same conclusion holds for every integer degree
between this lower endpoint and |pus(\y) — cb].
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Proof. Put M = ab—1, ppr = rp/M, xpr =1 — 2ppr, and zpr = par(1 — par). The hook character
at j disjoint transpositions is

N N\ e _ 5 256G = Damad,
20) = S (=) ! ) SE = pd, M_ 4 O(M2
@) =3 >Q%Mﬁ 7y DAMIM 1 o(M2)
for fixed j > 2; for j = 1 it is exactly zas. The error is uniform when pps stays in a compact
subinterval of (0,1). Expand the falling-factorial quotients to first order in 1/M and differentiate
(1 = 2ppr)? twice. The hook determinant formula also gives r(3%) — (1 — 32)¢, by selecting the
finitely many nontrivial eigenvalues of the a three-cycles. The expansion of r(27) at j = a and
J = 2a gives

4 2 2a—2
At o

In the exact outer variance, use 8, — ci/4 = —b(b — 1)(2b — 3)/8 and group the last two terms as

r(2%) — r(2%)? =

Vi =+ cur(3) + (B — 6/ (22) + B (r(22) — r(29)?)

Dividing by b gives C,(p). For the target, Vi = Oq4(b) by the formula for Vx and r(2%) — 23, =
O(b~1). Cauchy-Schwarz gives Cx 1, = O4(b?), so these two terms do not affect the limit.
For the source, the formula for Vi can be regrouped as

2.2
a~c

Vi = avy, + aoyr(3) + a(fy — i /4)r(2%) + (r(2%) — 23,).

Here 7(3) — 1 — 3z and the last difference is exactly —4zys/(M — 1). The coefficient of b3 is
1 2 1,5 az az
a<36+9(1—3z)—4x>—4—12.

The source outer operator has range [0, ¢,|, hence bounded variance; its covariance with the
inner sum is O, (b%/?), proving the second variance limit. Proposition 4.1 gives (us — pr)/b*> = G.
At the stated two endpoints the lattice margin product divided by b tends to ¢G, whereas the
exact standard-deviation product divided by b® tends to /C,(p)az/12. The strict inequality in the
hypothesis proves eventual coefficient positivity.

Concavity of the lattice margin product extends the endpoint estimates to the full integer
interval. g

Corollary C.6. For all sufficiently large b, every integer k satisfying
[ur +b/5] <k < [pus —b/5]
has [qk8(5b71b)]F6’b > 0.
Proof. At a =6 and p = 1/6, the constants in Theorem C.5 are Cs(1/6) = 33733345/1088391168,

ap(1 —p)/12=5/72, and G = 793/2916. The choice ¢ = 1/5 satisfies the strict hypothesis because
1/25 — Cs(1/6)(5/72) /G2 = 1578804259 /144886809600 > 0. 0

Exact variances can certify coefficients when the supports overlap.

Example C.7. For b = 1200, A = (6000, 1290, and k = 331423, (C.4) and Theorem B.2 give the
rational bounds
pr < 331217.24, s > 719507.43, Ug’b < 53592619, Uiﬁ < 119979996.

These bounds imply the strict inequality in (4.5); hence [q3314238(6000’11200)]F6,1200 > 0. The support

overlap is [119600, 725400), so support separation alone does not settle this coefficient.
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